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Unit D1 
Numbers 


Introduction to Book D 


In this book you will begin your study of the analysis units of this module. 
Analysis is the branch of mathematics that deals in a precise, quantitative 
way with the concept of a limit, and with the related ideas of infinite sums, 
continuous functions, differentiation and integration. 


The setting for our study of analysis will be real functions — that is, 
functions whose domains and codomains are subsets of the real line R. In 
this book we begin to study such functions from a precise point of view in 
order to prove many of their properties. You have met many of these 
properties before, and some may seem intuitively obvious, but this work 
will provide a sound basis for the study of more difficult properties of 
functions later in the module. 


For example, consider the question: 
Does the graph of y = 2” have a gap at z = V2? 


The graph in Figure 1 does not appear to have any gaps but we need to 
check this carefully. Later in the book we answer this question properly by 
showing that the function f(x) = 2” has a property called continuity, so its 
graph has no gaps. 


Before we can tackle this question, however, there is a preliminary question 
we must answer: 


What precisely is meant by 2v29 


Thus, to answer a question about real functions, we first need to clarify 
our ideas about real numbers. 


Introduction 


In this unit you will make a deeper study of the real numbers, which were 
introduced in Book A. You will extend your understanding of their 
properties, and see how they can be represented as infinite decimals. You 
will meet the rules for manipulating inequalities, which play a crucial role 
in analysis. You will learn how to solve and prove inequalities, and see 
proofs of several standard results that will be needed in later units. 
Finally, you will meet the concept of a least upper bound and see that the 
real numbers have the Least Upper Bound Property; this is of great 
importance in analysis. 
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Figure 1 The graph of y = 2” 


Unit D1 Numbers 


1 Real numbers 


In this section we discuss the real numbers and look at some of their 
properties. We start by investigating the decimal representations of the 
rationals, and then proceed to the irrational numbers. 


1.1 Rational numbers 
The set of natural numbers is 
N = {1,2,3,...}, 
the set of integers is 
Z= {...,—2,—1,0,1,2,...} 
and the set of rational numbers (or rationals) is 


Q = {p/q :pE Z,q E N}. 


(Note that we do not include 0 in the natural numbers, though some 
mathematical texts do.) 
Remember that each rational number has many different representations 
as a ratio of integers; for example, 

1 2 10 

a. 16 B0 
The usual arithmetic operations of addition, subtraction, multiplication 
and division can be carried out with rational numbers. We can represent 
the rationals on a number line as shown in Figure 2. 
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Figure 2 Rational numbers on a number line 
For example, the rational 3 is placed at the point which is one half of the 
way from 0 to 3. 


This representation means that rationals have a natural order on the 
number line. For example, 19/22 lies to the left of 7/8 because 
19 76 ae, 
22 88 8 88 
If a lies to the left of b on the number line, then we say that 
ais less than 6 or bis greater than a 
and we write 


a<b or b>a. 


For example, we write 


19 7 7_ 19 


m3 87 OD 


Also, we write a < b (or b> a) if either a < b or a = b. 


Exercise D1 


Arrange the following rationals in order: 


Exercise D2 


Show that between any two distinct rationals there is another rational. 


1.2 Decimal representation of rational 
numbers 


The decimal system enables us to represent all the natural numbers using 
only the ten integers 


0, 1,2,3,4, 5, 6,7, 8,9, 


which are called digits. We now recall the basic facts about the 
representation of rational numbers by decimals. 


Definition 


A decimal is an expression of the form 


SE CO CUCDOR oo 65 


where apo is a non-negative integer and an is a digit for each n € N. 


For example, 13.1212... and —1.111... are both decimals. If only a finite 
number of the digits a,,a2,... are non-zero, then the decimal is a 
terminating or finite decimal, and we usually omit the tail of zeros. For 
example, we usually write 0.85 instead of 0.8500.... 


Terminating decimals are used to represent rational numbers in the 
following way: 


ay ag An 
+ ao.a102... an = + (ag + ap boy + + oe) 


For example, 


0.85 =O+ Ee + ier 
oar 10! 102 100 20` 
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It can be shown that any fraction for which the factors of the denominator 
are all powers of 2 and/or 5 (for example, any fraction with denominator 
20 = 2? x 5) can be represented by such a terminating decimal, which can 
be found by long division; and conversely, that every terminating decimal 
represents such a fraction. 


However, if we apply long division to other rationals, then the process of 
long division never terminates and we obtain a non-terminating or 
infinite decimal. For example, applying long division to 1/3 gives 
0.333... and for 19/22 we obtain 0.86363.... 


Exercise D3 


Use long division to find the decimal corresponding to 1/7. 


The infinite decimals obtained by applying the long division process to 
rationals have a certain common property. All of them are recurring 
decimals; that is, they have a repeating block of digits, so they can be 
written in shorthand form by placing a line over the repeating block, as 
follows: 


0.333... = 0.3, 
0.142 857 142857... = 0.142857, 
0.86363... = 0.863. 


(Another commonly used notation for recurring decimals is to place a dot 
over the first and last digits in the repeating block; for example, 


0.3 and 0.142857. 


However, we do not use this notation in this module.) 


To see why applying the long division process to a fraction p/q always 
leads to either a recurring decimal or a terminating decimal, note that 
there are only q possible remainders at each stage of the division, so one of 
these remainders must eventually repeat. When this happens, the block of 
digits obtained after the first occurrence of this remainder will be repeated 
infinitely often. If the remainder 0 occurs, then the resulting decimal is a 
terminating decimal; that is, it ends in recurring Os. 


Recurring decimals which arise from the long division of fractions are used 
to represent the corresponding rational numbers. Conversely, it can be 
shown that every recurring decimal represents some rational number. 


However, the representation of rational numbers by recurring decimals is 
not quite as straightforward as for terminating decimals. If we try the 
same approach, we get an equation involving the sum of infinitely many 
terms, for example, 


1 _ o3- 3 P 3 x 3 
3 ` 101 102 103 


and it is not immediately clear what such a sum means. This will be made 


+e, 


precise when you have met the idea of the sum of a convergent infinite 
series later in the book. For the moment, though, when we write the 
statement 1/3 = 0.3, we mean simply that the decimal 0.3 arises from 1/3 
by the long division process. 


The following worked exercise illustrates one way of finding the fraction 
with a given decimal representation. 


Worked Exercise D1 


Find the fraction whose decimal representation is 0.863. 


The key idea in the solution above is that multiplication of a decimal 
by 10", where k € N, moves the decimal point k places to the right. 


Exercise D4 


Using the method of Worked Exercise D1, find the fractions represented by 
the following decimals. 


(a) 0.231 (b) 2.281 


Decimals which end in recurring 9s sometimes arise as alternative 
representations for terminating decimals. For example, 


1=0.9=0.999... and 1.35 = 1.349 = 1.34999.... 
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You may find this rather disconcerting, but it is important to realise that 
this representation is a matter of definition. We wish to allow the decimal 
0.999... to represent a number xz. This number x must be less than or 
equal to 1 and greater than each of the numbers 


0.9, 0.99, 0.999, .... 


The only rational with these properties is 1. When possible, we avoid 
using the form of a decimal which ends in recurring 9s. 


The decimal representation of rational numbers has the advantage that it 
enables us to decide immediately which of two distinct positive rationals is 
the greater. We need only examine their decimal representations and 
notice the first place at which the digits differ. For example, to order 7/8 
and 19/22, we can write 


4 19 
i 0.875 and 5 0.86363.... 


Then 


| 
0.86363... < 0.875, so 19/22 < 7/8. 


Note that, when comparing decimals in this way, the decimal on the left 
should not end in recurring 9s unless the decimal on the right is also 
non-terminating. 


Exercise D5 


Find the first two digits after the decimal point in the decimal 
representations of 17/20 and 45/53, and hence determine which of these 
two rationals is the greater. 


1.3 Irrational numbers 


You saw in Unit A2 Number systems that there is no rational number 
which satisfies the equation x? = 2; that is, V2 is not rational. 


There are many other mathematical quantities that cannot be described 
exactly by rational numbers. For example: 


e if m and n are natural numbers, and the equation z™ = n has no integer 
solution, then the positive solution of this equation, written as ‘/n, is 
not rational 


e the number 7, which denotes the ratio of the circumference of a circle to 
its diameter 


e the number e, the base of natural logarithms. 


A number which is not rational is called irrational. It is natural to ask 
whether irrational numbers, such as v2 and 7, can be represented as 
decimals. Using your calculator, you can check that 


(1.414 213 56)? 


is very close to 2, so 1.414 21356 is a very good approximate value for V2. 
But is there a decimal that represents v2 exactly? 


In fact, it is possible to represent all irrational numbers by non-recurring 
decimals, that is, infinite decimals that do not end in a recurring block of 
digits. For example, there are non-recurring decimals representing v2 and 
T, the first few digits of which are 


V2 =1.41421356... and 2 = 3.141 59265.... 


Conversely, it is also natural to ask whether arbitrary non-recurring 
decimals, such as 


0.101 001 000 100001... and 0.123456 789101112..., 


always represent irrational numbers. We take it as a basic assumption 
about the number system that they do. 


Thus the set of irrational numbers consists of all the non-recurring 
decimals. 


1.4 Real numbers and their properties 


We can now define what we mean by the set of real numbers. 


Definition 
The set of real numbers, denoted by R, is the union of the set of 


rational numbers and the set of irrational numbers. In other words, it 
is the set of all terminating, recurring and non-recurring decimals. 


As with rational numbers, we can determine which of two real numbers is 
greater by comparing their decimals and noticing the first pair of 
corresponding digits which differ. For example, 


4 4 
0.101 001 000 100001... < 0.123 456 789 101 112.... 
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We now use this idea to associate with each irrational number a point on 
the number line. For example, as illustrated in Figure 3, the irrational 
number whose decimal representation begins 


x = 0.123 456 789101112... 
satisfies each of the inequalities 


O1l<2< 0.2 
0.12 <2 < 0.13 
0.123 < x < 0.124 


0.1 0.12] 0.13 ` 0.2 
a = 0.12345... 


Figure 3 The point on the number line corresponding to x = 0.12345... 


We assume that there is a point on the number line corresponding to x 
which lies to the right of each of the rational numbers 0.1, 0.12, 0.123, ... 
and to the left of each of the rational numbers 0.2, 0.13, 0.124, .... 


As usual, negative real numbers correspond to points lying to the left of 0. 
The number line, complete with both rational and irrational points, is 
called the real line; see Figure 4. 


—3 —2 = 0 1 


Figure 4 The real line 


Our definition of the real numbers is therefore consistent with the picture 
of the real numbers as a number line, which you met in Unit A2. Saying 
the same thing more formally, there is a one-to-one correspondence 
between the points on the real line and the set R of real numbers, as 
defined above. 


In the box below, we list several order properties of IR. You are probably 
already familiar with these, though you may not have met their names 
before. 


Order properties of R 


Trichotomy Property If a,b € R, then exactly one of the 
following holds: 


G<o @ =ù oO a >D 
Transitive Property If a,b,c € R, then 


a<bendo<Cc = GSE 


Archimedean Property Ifa € R, then there is a positive integer n 
such that 


i > Oe 


Density Property If a,b€ Randa < b, then there is a rational 
number x and an irrational number y such that 


a<e<o eae Lm D 


These properties are used frequently in analysis, though they are not often 
referred to explicitly by name. In this unit, however, we often use the 
names to point out when the properties are being used, to aid your 
understanding. 


Each of the order properties in the above box can be proved from our 
definition of the real numbers, but we do not give the proofs here. The 
first three are almost self-evident, but the Density Property is not so 
obvious. One consequence of the Density Property is that between any two 
distinct real numbers there are infinitely many rational numbers and 
infinitely many irrational numbers. The next worked exercise gives an 
example of how to find a rational number and an irrational number 
between two given real numbers. The method is indicative of how the 
Density Property could be proved for general real numbers a and b. 
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Worked Exercise D2 


Let a = 0.123 and b = 0.12345.... Find a rational number x and an 
irrational number y such that 


a<a<b and a<y<b. 


Solution 


@. There are many different methods you could use. One method is 
to begin by noting that the two decimals 


4 4 
a 0233 and E 0123.45 .2. 


differ first at the fourth digit after the decimal point. If we truncate b 
after this digit, then we obtain a suitable rational number. .© 


For example, the rational number 
g= 0 


satisfies a < a < b. 


®. To find an irrational number y between a and b, we attach to x a 
(sufficiently small) non-recurring tail, such as 010010001. ... The 
resulting number is irrational since its decimal representation is 
non-recurring. © 
The irrational number 
y = 0.1234 | 010010001... 
| non-recurring tail 


satisfies a < y < b. 


Exercise D6 


Let a = 0.3 and b = 0.3401. Find a rational number z and an irrational 
number y such that a < x < b anda < y < b. 


1.5 Arithmetic with real numbers 


We now turn to the question of how to carry out arithmetic using real 
numbers, bearing in mind our definition of the real numbers in the last 
subsection. 


You saw in Unit A2 that the set R of real numbers, in common with the 
set Q of rational numbers, forms a field. This means that the properties in 
the box below hold for arithmetic in R. 
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Properties for addition 


A1 Closure For all a,b € R, 
a+beR. 

A2 Associativity For all a,b,c € R, 
at+(b+c)=(a+b)+c. 

A3 Additive identity For all a € R, 
GF 0 = a = O F 


A4 Additive inverses For each a € R, there is a 
number —a € R such that 


a+ (—a) = 0 = (—a) + a. 
A5 Commutativity For all a,b € R, 
a+b=b+a. 


Properties for multiplication 


M1 Closure For all a,b € R, 
axbeR. 

M2 Associativity For all a,b,c E€ R, 
G0) Gav eae: 

M3 Multiplicative identity For all a € R, 
<x l=@= 1X @. 


M4 Multiplicative inverses For each a € R*, there is a number 
a~' € R such that 


M5 Commutativity For all a,b € R, 
axb=bxa. 


Property combining addition and multiplication 


D1 Distributivity For all a,b,c € R, 
ax (b+c)=axb+axe. 
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Put more succinctly, the properties in the box mean that: 
e R is an abelian group under the operation of addition + 


e R* = R — {0} is an abelian group under the operation of 
multiplication x; 


and these two group structures are linked by the distributive property. 


In Unit A2, these properties were introduced simply as a way of 
formalising the elementary rules of arithmetic that were already familiar to 
you. However, now that we have defined the real numbers as the set of all 
terminating, recurring and non-recurring decimals, we need to show that 
these properties follow from the definition. 


For terminating and recurring decimals (that is, the rational numbers), 
this is straightforward: we can do arithmetic by first converting the 
decimals to the corresponding fractions. However, it is not obvious how to 
do arithmetic with non-recurring decimals (that is, irrationals). For 
example, assuming that we can represent v2 and 7 by the non-recurring 
decimals that begin 


V2 = 141421356... and m=3.14159265..., 


can we also represent the sum v2 + 7 and the product V2 x 7 as 
decimals? In other words, what is meant by the operations of addition and 
multiplication when non-recurring decimals are involved, and do these 
operations satisfy the properties stated in the above box? 


It turns out that setting up the appropriate definitions and proving the 
necessary properties is a lengthy process, and we will not go into this here. 
The important point is that, using our definition of the real numbers, 
addition and multiplication can be formally defined, and it can be proved 
that all the above properties hold in R. From now on, we assume that this 
process has been carried out. Furthermore, we assume that the set R 
contains the nth roots and rational powers of positive real numbers, with 
their usual properties. We describe one way to justify these assumptions in 
Section 5. 


We conclude this section by noting that analysis texts take various 
approaches to defining the real numbers. For example, it is common to 
assume that there exists a set R which is a field containing Q and having 
certain extra properties, and then to deduce all results from these 
assumptions. In this ‘axiomatic approach’ the definition of the real 
numbers themselves may not be given (though they can be defined by a 
somewhat abstract procedure involving partitions of Q called ‘Dedekind 
cuts’), but it is then proved that each real number must have a decimal 
representation. In this module, we adopt a more concrete approach in 
which the real numbers are defined to be decimals. 


2 Inequalities 


Much of analysis is concerned with inequalities of various kinds; the aim of 
this section and the next is to provide practice in their manipulation. In 
this section you will meet the rules for manipulating inequalities and see 
how to solve inequalities by using these rules. 


2.1 Rearranging inequalities 


The fundamental rule, on which much manipulation of inequalities is 
based, is that the statement a < b means exactly the same as the 
statement b — a > 0. We express this as follows. 


Rule 1 
a<b = b-a> 0. 


Recall that the symbol <= means ‘if and only if’ or ‘is equivalent to’. 
Thus, put another way, this rule says that the inequalities a < b and 
b — a > 0 are equivalent. 


There are several other standard rules for rearranging an inequality into an 
equivalent form. Each of these can be deduced from Rule 1, although the 
proofs are not given here. For example, we obtain an equivalent inequality 
by adding the same expression to both sides. 


Rule 2 
a<b = a+c<b+c. 


Another way to rearrange an inequality is to multiply both sides by an 
expression that is strictly greater than zero. It is also possible to multiply 
both sides by an expression that is strictly less than zero, but in this case 
the inequality must be reversed. For example, 2 < 3 <— > -—2>-3. 


Rule 3 
If c > 0, then 


Ko SS ace 
if c < 0, then 


“ae = we> te. 


Sometimes the most effective way to rearrange an inequality is to take 
reciprocals. You can do this if both sides of the inequality are positive, and 
it is important to remember that the direction of the inequality has to be 
reversed. For example, 2 < 3 <=> i > z. 
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If a,b > 0, then 


il 
<> = => 
a 


Some inequalities can be simplified only by taking powers. In order to do 
this, both sides must be non-negative and the power must be positive. 


If a,b > 0 and p > 0, then 


ako > & L 


For positive integers p, Rule 5 follows from the identity 
bP — aP = (b — a) (bP! + OP 2a +--+ + baP™? + aP?); 

since the value of the right-hand bracket is positive, we deduce that 
b-a>0 <=> P-a >0. 


For other positive real numbers p the proof of Rule 5 is harder, but the 

rule remains true. 

There are corresponding versions of Rules 1-5 in which the strict inequality 

a < b is replaced by the weak inequality a < b. For example, if c > 0, then 
a<b <= ac< be. 


The box below summarises the rules you have met so far for manipulating 
inequalities. 


Let a,b,c and p be real numbers. 
Rule 1 a<b = b-a>0. 
Rule2 a<b <= a+c<b+c. 


Rule 3 Ifc>0,thena<b <== ac< be; 
ne<U,tmaa<h = ae > le. 


Rule 4 Ifa,b>0, then 


1 
5 
Rule 5 Ifa,b > 0 and p > 0, then 


1 
“<)> = =s 
a 


aZ => P <P 
All the above rules also hold if strict inequalities are replaced by weak 
inequalities. 


In manipulating inequalities, we also make frequent use of the usual rules 
for the sign of a product: 


In particular, the square of any real number is non-negative. 


The next exercise gives you a chance to practise using the rules for 
rearranging inequalities. 


Exercise D7 


In each of the following cases, apply the rules to the inequality x > 2 to 
obtain an equivalent inequality that contains the given expression, noting 
carefully which rules you are using. 


(a) +3 (b) 2-2 (c) Be +2 (d) 1/(5a +2) 


2.2 Solving inequalities 


Solving an inequality that involves an unknown real number x means 
determining the values of x for which the inequality is true; that is, finding 
the solution set of the inequality, usually as a union of intervals. We can 
often do this by rewriting the inequality in an equivalent but simpler form, 
using Rules 1-5. 


Worked Exercise D3 


Solve the inequality 
r+2 z—3 


sti teat 


2 
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By completing the square, we obtain 
gy 10 = (s +I = 9, 
so the numerator is always positive. 


We can now find the solution set using a table of signs: 


il 
2 (3,00) 
z? +22 +10 + 
gy A dk 
2r— 1 + 
z2? +2z +10 
eaa ~ A cael ns 


So the solution set is 
xr+2 $ xr—3 
D 
xr+4 24-1 


} = (-00,-4) U (4,00). 


We now consider an inequality that could be solved by using 
cross-multiplication, though in this case it is easier to take reciprocals 
using Rule 4. 


Worked Exercise D4 


Solve the inequality 
1 1 


< 
2x2? +2 4 


Solution 


®. Since both sides of the inequality are always positive, we can apply 
Rule 4. & 


Since 2z? + 2 > 0, we can rearrange the inequality into an equivalent 


form as follows: 
il 1 


= <- 2r +2 >4 le 4 
wa 7 <> 2r°+2>4 (by Rule 4) 


a7+1>2 (by Rule 3) 
<=> ai> (by Rule 1) 
— («#-1)(44+1)>0. 
®. At this point, it might be helpful to write down a table of signs or, 


alternatively, quickly sketch the parabola that is the graph of 
y=(x-1)(4+1). & 


So the solution set is 


fe: — < i} Sree 


Exercise D8 


Solve the following inequalities. 
Ar — x* —7 
(a) —j—— 


> >3 (b) 22? > (s+1)? 
xł— 1 


We now consider an inequality which involves rational powers. Here we 
need to be careful, when applying Rule 5, to ensure that both sides of the 
inequality are non-negative. 


Worked Exercise D5 


Solve the inequality 
2+3 


Solution 

@. We can get rid of the awkward square root sign in the inequality 
by squaring both sides — that is, by applying Rule 5 with p = 2. 
However, we can do this only if both sides are non-negative. 
Remember that v always means the non-negative square root. ® 


The expression \/2z + 3 is defined only when 2x + 3 > 0, that is, for 
x > —3/2. Hence we need only consider those x in [—3/2, 00). 
For x > 0, we have 
J PB>a > Wt3sx? (by Rule 5, with p= 2) 
<=> g?-227-3<0 (by Rule 1) 
<= (x-3)(¢+1) <0. 
So the part of the solution set in [0, 00) is [0,3). 
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Figure 5 The graph of y = |z| 
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Exercise D9 


Solve the inequality 


2x2 -2> a. 


2.3 Inequalities involving modulus signs 


Now we consider inequalities involving the modulus of a real number. 
Recall that if a € R, then its modulus, or absolute value, |a| is defined 


by 
a, ifa>0, 
la] = 
—a, ifa<0. 


The graph of y = |z| is illustrated in Figure 5. 


It is useful to think of |a| as the distance along the real line from 0 to a. 


For example, |3| = |—3| = 3 as shown in Figure 6. 
3) 
-3 0 3 


Figure 6 The modulus of 3 and —3 


In the same way, |a — b| is the distance from 0 to a — b, which is the same 
as the distance from a to b, as illustrated in Figure 7. For example, the 
distance from —2 to 3 is |(—2) — 3| = |—5| = 5. 


la — b| ja — b| 


a—b 0 a b 
Figure 7 The modulus of a — b 


Note also that |a + b| = |a — (—b) 
illustrated in Figure 8. 


is the distance from a to —b, as 


la + b| 


la+b| ~ 


—b 0 a b a+b 
Figure 8 The modulus of a + b 


We list below some basic properties of the modulus, which follow 
immediately from the definition. 


If a,b € R, then 


1. |a| > 0, with equality if and only if a = 0 
2. —|a| <a < Jal 

3 lo =o 

4. |a — b| = |b — al 

5. |ab| = |aļlbl. 


We now give a rule for rearranging inequalities that involve the modulus of 
an expression. The rule follows from property 2 in the above list, and as 
usual there is a corresponding version with weak inequalities. 


alab = 0 n o 


You can use this rule alongside the other rules for rearranging inequalities 
that you met in Subsection 2.1. For reference, here is a summary of all the 
rules. 


Let a,b,c and p be real numbers. 
Rulel a<b = b-a>0. 
Rule2 a<b <= a+c<b+c. 


Rule 3 Ifc>0,thena<b = ac< be; 
nre<Qihwma<o === we > ine. 


Rule 4 If a,b > 0, then 


il 
aK) = => 
a 


ole 


2 


Inequalities 


21 


Unit D1 Numbers 


Rule 5 Ifa,b>0 and p> 0, then 
azb == PL 


Rule 6 ja| <b = -b<a<b. 


All the above rules also hold if strict inequalities are replaced by weak 
inequalities. 


Worked Exercise D6 


Solve the inequality |x — 2| < 1. 


Solution 
@. We rearrange the inequality into an equivalent form by using 
Rule 6 with a=z—2andb=1. @ 
We have 
ja—-2|<1 <= -1l<a2-2<1 (by Rule 6) 
cs l<vr <u. 
So the solution set is 


Tos ee se I S S) 


We can also rearrange inequalities involving modulus signs by using Rule 5 
with p = 2, since the modulus of a number is non-negative. 


Worked Exercise D7 


Solve the inequality |x — 2| < |æ + 1|. 


Solution 

®@. We rearrange the inequality into an equivalent form by using 

Rule 5 with a = |x — 2|, b = |x + 1| and p = 2. # 

We have 

k= = a El) G2)? = G1) (by Rule 5, with p—2) 

<=> aw —4e+4<a*?+2r+1 
c= 3< Cw 
=> 5 Si, 

So the solution set is 


{ax : |x — 2| < |x —1|} = [5, 00). 


Thinking about what an inequality means geometrically can often give you 
an idea of its solution set. 
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For example, the inequalities in Worked Exercises D6 and D7 can be 
interpreted geometrically as follows. 


The inequality 
ja —2| <1 


holds when the distance from x to 2 is strictly less than 1. So it holds 
when z lies in the open interval (1,3), which has midpoint 2. This is what 
we found in Worked Exercise D6 by using Rule 6. 


Similarly, the inequality 
|z — 2| < |æ + 1| 


holds when the distance from x to 2 is less than or equal to the distance 
from x to —1, since |x + 1| = |x — (—1)|. As the point halfway from —1 to 
2 is $, the inequality holds when «v lies in the interval [5 co), as illustrated 
in Figure 9. This agrees with what we found algebraically in Worked 
Exercise D7. 


{x : |x — 2| < |x + 1|} 
—1 oa T 2 
2 


Figure 9 The solution set of |x — 2| < |x + 1| 


Exercise D10 


Solve the following inequalities. 
(a) |2a7-13)<5 (b) |a—1] < 2z +1 


3 Proving inequalities 


In this section you will see how to prove inequalities of various types. 
Several of the inequalities we prove here will be used in later analysis units 
of this module. 


In proving inequalities, we will make use of the rules for rearranging 
inequalities that you met in Section 2, together with some further rules for 
deducing ‘new inequalities from old’, which we outline here. 


You met the first such rule in Section 1, where it was called the Transitive 
Property of R. 


Transitive Rule for inequalities 
a<badlo<e = a<e 


We use the Transitive Rule when we want to prove that a < c and we 
know that a < band b < c. 
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The following rules are also useful. 


Combination Rules for inequalities 
Ifa <bandc <d, then 

Sum Rule a+c<b+d 

Product Rule ac < bd, provided a,c > 0. 


For example, since 2 < 3 and 4 < 5, it follows that 
2+4<3+5, 
2x4<3x 5. 


There are versions of the Transitive Rule and Combination Rules involving 
weak inequalities. For example, a weak version of the Transitive Rule is 


ax<xbandb<c = a<a. 


Notice that the Transitive Rule and the Combination Rules have a 
different nature from Rules 1-6 given in Section 2. Rules 1-6 tell us how to 
rearrange inequalities into equivalent inequalities, whereas the Transitive 
Rule and the Combination Rules enable us to start with two inequalities 
and deduce a new inequality which is not equivalent to either of the old 
ones, but does follow from them. For example, if we know that x < y and 
y < 5, then we can use the Transitive Rule to deduce that x < 5; this new 
inequality is not equivalent to either of the inequalities that we started 
with, but it does follow from them. 


3.1 Triangle Inequality 


Now we meet an inequality that can be used to deduce ‘new inequalities 
from old’, but is also of great importance in its own right. 


This inequality involves the modulus of three real numbers a, b and a + b, 
and is called the Triangle Inequality because it is related to the fact that 
the length of one side of a triangle is less than the sum of the lengths of 
the other two sides. As you will see, the Triangle Inequality has many 
applications in analysis. 


Triangle Inequality 

If a,b € R, then 

1. |a+b| < |a| + |b] (usual form) 

2. |a — b| > ||a| —|d|| (‘backwards’ form). 


Proof 
1. We rearrange the inequality into an equivalent form: 
lJa+b| <|al+ |b] <= (a+b)? < (la| +]b|)? (by Rule 5, with p = 2) 
=> a* 4 2ab+b? < a? + lal |b| +b? 
<=> 2ab < |2ab|. 


This final inequality is certainly true for all a,b € R, so the first 
inequality must also be true for all a,b € R. 


2. We prove the backwards form using the same method: 
la — b| > |lal —|b|| <> (a- b)? > (la| — |b|)? (by Rule 5, with p = 2) 
<4 @ —2ab+b’ > a? — 2jal |b| +0? 
<=> —2ab > —|2ab| 
<> 2ab< |2ab], 
which, as before, is true for all a,b € R. B 


Remarks 
1. Although we have used implications in both directions here, the proof 
requires only the implications going from right to left. For example, in 
the proof of the usual form of the Triangle Inequality, the important 
implication is 
ja +b| < |a| + |b] <= 2ab < |2ab]. 
2. The usual form of the Triangle Inequality can also be proved by using 
Rule 6, which gives 
Jat b] < Jal + |b] < —(la| + |b]) < a+b < lal + |bl. (1) 
Now since we know that 
—|a|<a<l|al and —|b| <b< (8, 
it follows from the Sum Rule that 
—(Ja| + |b|) < a+b < lal + |b], 


which is the statement on the right in (1). Hence the equivalent 
statement on the left in (1) also holds, and this is the Triangle 
Inequality: 


[a +b| < |a| + |b]. 
3. There is a version of the Triangle Inequality for n real numbers, where 
n > 2: 
lar + a2 +-+- + an| < |ai| + |a2| +--+ + lanl. 


This can be proved using the Principle of Mathematical Induction, 
which you met in Book A and will use again in Subsection 3.5 of this 
unit. 


The worked exercise below illustrates some typical applications of the 
Triangle Inequality. Remember that, in each part, we are deducing one 
inequality from another, not showing that two inequalities are equivalent. 
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Worked Exercise D8 


Use the Triangle Inequality to prove the following statements. 
(a) jal <1 = |3+a|<4 (b) [<1 = |3-b/>2 


Solution 
(a) Suppose that |a| < 1. The Triangle Inequality gives 
P < [3] + |a?| 
= 3+ lal. 
Now |a| < 1 and therefore 
3+ af? <34+1=4 
We deduce, using the Transitive Rule, that 
(Seg |e 


(b) Suppose that |b| < 1. The backwards form of the Triangle 
Inequality gives 
|3 — b| = ||3| e 
= |3 — |li 
> 3-— |bl. 
Now |b| < 1, so —|b| > —1, and hence 
3— |b] >3-1=2. 
We deduce, using the previous chain of inequalities, that 


oai S |3—8) > 2. 


Remarks 


1. The statements proved in Worked Exercise D8 can also be written in 
the following form: 


3+a3|<4, for lal <1 
and 
3—b|>2, for |b| <1. 


2. Notice that the reverse implications 


3+a| <4 — |al<1 and |3-b|>2 = |b) <1 


are false. For example, try putting a = -3 and b = —2. 
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Exercise D11 


Use the Triangle Inequality to prove the following statements. 
(a) lal < 3 => la+1|< 3 (b) |b| < 5 => b-i > 


3.2 Proving inequalities by rearrangement 


We now prove some further inequalities using the method you saw in the 
proof of the Triangle Inequality. As in that proof, we start from the 
inequality we wish to prove, and use the various rearrangement rules to 
obtain a chain of equivalent inequalities until we reach an inequality that 
we know must be true. 


In the worked exercises in this subsection, we apply this technique to prove 
two inequalities with geometric interpretations. The first states that 


b\2 
as ( ) , fora,bER. 


This inequality has the geometric interpretation illustrated in Figure 10: 
the area of a rectangle with sides of length a and b is less than or equal to 
the area of a square with the same perimeter, that is, with sides of 

length (a + 6)/2. 


at+b 


a+b 
2 


Figure 10 Comparison between the area of a rectangle and the area of a 
square with the same perimeter 


In the worked exercises we include some comments about which of the 
rearrangement rules we are using, but you need not do this when you write 
out solutions. 
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Worked Exercise D9 


Prove that 


If you examine the chain of equivalent statements in the solution to 
Worked Exercise D9, then you will see that we can replace the symbol < 
with = throughout, without upsetting the equivalence of the statements. It 
follows that 


b 2 
o= (= ) Pado ia =o, 
This tells us that the maximum area is obtained when the rectangle is a 
square. 


In the next worked exercise you will see a proof of the following inequality: 


Vat+b?<a+b, fora,b>0. 


This inequality has the geometric interpretation illustrated in Figure 11: 
the length of the hypotenuse of a right-angled triangle whose other sides 
are of lengths a and 6 is less than or equal to the sum of the lengths of 
those two sides. 


va? +b? 


a 


Figure 11 ‘The lengths of the sides of a right-angled triangle 


Worked Exercise D10 


Prove that 


yva? +b? <<a+b, fora,b>0. 


We can reformulate the inequality in Worked Exercise D10 in the following 
alternative way, which is sometimes useful in applications. If we write c in 
place of a? and d in place of b?, then the inequality becomes 


vVe+d<vyc+vd, forc,d>0. (2) 


As an application, we use this new form of the inequality to prove that 
|va- v < /Ja—b], for a,b > 0. (3) 


First note that interchanging the roles of a and b leaves inequality (3) 
unaltered, so it is sufficient to prove the inequality under the assumption 
that a > b. It follows from this assumption that |a — b| = a — b, and also 


that \/a > Vb, so that |Vva— vb | = ya- vb. Hence 
|va- v| < Vie = va-vi< vans 
= Vax Va—b+vb (by Rule 2). 


This final inequality is certainly true, since it can be obtained from 
inequality (2) simply by substituting a — b in place of c, and b in place of d. 
It follows that inequality (3) is indeed true. 


Exercise D12 


Suppose that a > 0 and a? > 2. Prove that 


Ei eee be 
oh Gee a. 
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3.3 Inequalities involving integers 


In analysis we often need to prove inequalities involving an integer n. It is 
a common convention in mathematics that the symbol n is used to denote 
an integer, frequently a natural number. So, for example, the expression 
n > 3 means n = 3,4,5,.... 

It is often possible to deal with inequalities involving integers by using the 
rules of rearrangement, just as we did in Subsection 3.2. The next worked 
exercise gives an example, and then there are two exercises for you to try. 


Worked Exercise D11 


Prove that 
2n? > (tl, forn>3. 


An alternative solution to Worked Exercise D11 is the following: 


1\2 
Lis ) (by Rule 3) 


2n? > (n+1)? => 2>( 


1 
I V2>1+— (by Rule 5, with p = 4). 


This final inequality certainly holds for n > 3, and so the original 
inequality holds too. 


Exercise D13 


Prove that 
3n 


as for n > 2. 


Exercise D14 


Prove that 
2n? > (n+ 1), for n > 4. 


3.4 The Binomial Theorem 


We often use a result known as the Binomial Theorem to prove inequalities 
involving integers. The Binomial Theorem gives us a general formula for 
the expansion of (a + b)”, where a,b € R and n € N. You will already be 
familiar with the special case when n = 2: 


(a+b)? = a? + 2ab +b’. 


The statement of the Binomial Theorem uses the notation in the box 
below. Remember that the product n x (n — 1) x +--+ x 2x 1 of the first n 
positive integers is denoted by the symbol n!, which is read as ‘n factorial’ 
or ‘factorial n’. 


Definition 


For any non-negative integers n and k with k < n, 


(1) = ea 


This expression is called a binomial coefficient. It is the number of 
combinations of n objects taken k at a time. 


For example, if we have a set with three elements, and we want to know 
the number of different subsets with two elements, this is given by 


3 3! 
G) sa 


Indeed, if we consider the set {a,b,c}, then the possible subsets with two 
elements are 


{a,b}, {b,c} and {a,c}. 
Remarks 


1. You may previously have met the alternative notation "C; for binomial 
n 
k 
Both notations are are in common use, and are sometimes read as 
‘n choose k’. 


coefficients, instead of ( where the ‘C’ stands for ‘combination’. 


2. We adopt the usual convention that 0! = 1, so that 


()-()= 


We can now state the Binomial Theorem. 
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Theorem D1 Binomial Theorem 
If a,b € R and n € N, then 
(i Z n n—kzk 
(a+b) = 2 (o) am 


(n 


= il 
=a" +na"'b+ U +e +o. 


In the important special case where a = 1 and b = zx € R, we have 


Proof We have 
(a +b)” = (a+b) x (a+b) x--- x (a+b). 
a, 


n times 


When this product is multiplied out, we find that each term of the form 
aF" arises by choosing the variable a from n — k of the brackets and the 
variable b from the remaining k brackets. Thus the coefficient of a”~"b* is 
equal to the number of ways of choosing a subset of n — k brackets (or, 
equivalently, a subset of k brackets) from the set of n brackets, and this is 


precisely A , as required. a 


A striking mathematical pattern appears when we expand expressions of 
the form (a +b)” for n = 1,2,...: 

(a+ b)'=a'+0!, 

(a + b)? = a? + 2ab+ b?, 

(a + b)? = (a+ b)(a? + 2ab + b?) = a? + 3a7b + 3ab? + b’, 

(a + b)* = (a+ b)(a? + 3a?b + 3ab? + b?) = at + 4a3b + 6a?b? + 4ab? + 0f, 


and so on. 
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The coefficients that appear in these expansions can be arranged as a 
triangular table, known as Pascal’s triangle. The entries on the left- and 
right-hand edges of the triangle are all 1s, and the remaining entries can be 
generated by using the rule that each entry is the sum of the two nearest 
entries in the row above. The 1 at the top corresponds to n = 0 since we 
have (a +b)? = 1. 


(a +b)? 1 

(a+b)! 1 1 

(a+b)? 1 2 į 

(a +b)? 1 3 3 1 

(a +b)! 1 4 6 4 1 
(a+b)? 1 5 10 10 5 1 


Pascal’s triangle is named after the French mathematician and 
philosopher Blaise Pascal (1623-1662). He was far from the first 
person to study this array of numbers, but his work on it in his Traité 
du Triangle Arithmétique was influential. Research on binomial 
coefficients was also carried out at about the same time by 

John Wallis (1616-1703) and then by Isaac Newton (1642-1727), who 
discovered that the Binomial Theorem can be generalised to negative 
and fractional powers. 


Pascal’s triangle had been studied centuries earlier by the Chinese 
mathematician Yang Hui (1238-1298) and the Persian astronomer 
and poet Omar Khayyam; in China, Pascal’s triangle is known as the 
Yang Hui triangle. 


Blaise Pascal 


We now use the Binomial Theorem to prove some inequalities involving 
integers. 
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Worked Exercise D12 


Prove that 
2” >1+n, forn>1. 


Solution 


By the Binomial Theorem, for n > 1 and x € R, we have 


=i 
Co e 


@. In the case x > 0, all the terms on the right are non-negative, so 
we can decrease the sum by omitting all but the first two terms. .© 


So 
(l+a)">l+4+nz, forr>0. 


a festa”. 


If we now substitute x = 1 in this inequality, we obtain 
2">1+n, forn>1. 


This is the required result. 


Worked Exercise D13 


Prove that 


1 
ya en for n > 1. 
n 


Solution 


®@. We start by rearranging the required result into an equivalent 
form. .©& 


1 le 
oue <ii <> 2< (142) (by Rule 5, with p = n) 
n n 


®. The bracket on the right can now be expanded using the special 
case of the Binomial Theorem and, as in the last worked exercise, we 
can then reduce the sum by omitting all but the first two terms. ® 


Applying the Binomial Theorem with x = 1/n, we get 
i" i ee Dy Le 
farce |e eer ea jes lh ae a 
n n 2! n n 
> ie il = 2 


1 n 
Thus the inequality 2 < (1 + =) is true for n > 1, so it follows that 
n 
the original inequality 
1 
Jesits wuh 
n 


is also true, as required. 
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Exercise D15 


Use the Binomial Theorem to prove that 
iHn o i 
(i++) 2 5, for n > 1. 


Hint: Consider the first three terms in the binomial expansion. 


3.5 Mathematical induction and Bernoulli’s 
Inequality 


Another useful tool for proving inequalities involving integers is the 
Principle of Mathematical Induction, which you met in Unit A3. 


Principle of Mathematical Induction 
To prove that a statement P(n) is true for n = 1,2,...: 
1. show that P(1) is true 


2. show that the implication P(k) = > P(k +1) is true for 
=e 


Recall that the Principle can be adapted to prove that a statement P(n) is 
true for all integers n greater than or equal to some given integer other 
than 1. 


Worked Exercise D14 


Prove that 


2" >n?, forn>A. 
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Multiplying the inequality 2% > k? by 2 (using Rule 3) we get 
Jl > p- 
so it is sufficient for our purposes to prove that 
H S> (kI, ior k= 
Now, 
Qh? > (k+1)? <> 2h? >k?4+2k4+1 
<= > k?-2k-150 (by Rule 1) 
<> (k-—1)?—2>0 (completing the square). 


This last inequality certainly holds for k > 4, so we have shown that 
Pie eh) tor be, 
which was our aim. 


Thus 
PG = Pe o aA 


Hence, by mathematical induction, P(n) is true, for n > 4. 


Exercise D10 


Prove that 
2" >n?, forn >10. 


Hint: You may find it helpful to use the solution to Exercise D14. 


The next inequality, called Bernoulli’s Inequality, will be used regularly in 
later units. We will prove the result using mathematical induction. 


Bernoulli’s Inequality is named after the Swiss mathematician Jacob 
Bernoulli (1654-1705) who published it in his Positiones Arithmeticae 
de Seriebus Infinitis (1689), using it several times. However, it is 
actually due to the Walloon mathematician René-Frangois de Sluse 
(1622-1685), who published it in the second edition of his Mesolabum 
(1668). 


Jacob Bernoulli was the first of the remarkable Bernoulli family who, 
over the course of three generations, produced eight gifted 
mathematicians. Jacob is best known for his Ars Conjectandi, a 
pioneering book on the theory of probability which was published 
posthumously in 1713 by his nephew, and for his founding work on 
the calculus of variations. 


3 Proving inequalities 


René-Frangois de Sluse’s position in the church prevented him from 
visiting other mathematicians, but he corresponded with many 
mathematicians of the day, including Blaise Pascal. 


Theorem D2 Bernoulli’s Inequality 
If x € R and n €N, then 


(+r) > 1+nzr, when z> 1. 


René-François de Sluse 


Remarks 


1. In the solution to Worked Exercise D12 you saw that (1 + x)” > 1+ng 
for x > 0 and n € N. Bernoulli’s Inequality asserts that the same result 
holds under the weaker assumption that x > —1. Here, by a weaker 
assumption we mean an assumption that is less restrictive. 
Correspondingly, we say that Bernoulli’s Inequality is a stronger result 
than that proved in the solution of Worked Exercise D12, because it 
applies more widely. 


2. If we sketch the graphs of y = (1 + x)” and y = 1 + nz, it certainly looks 
as though the first graph always lies above the second, so long as 
x > —1; see Figure 12. This suggests that Bernoulli’s Inequality should 
hold for x > —1, but of course we need to prove it. 


Yt y=(1+2)" 


y=1+ne 


Ry 


Figure 12 The graphs of y = (1 + x)” and y = 1+ ng 
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Proof of Theorem D2 Let x > —1 and let P(n) be the statement 
(1+2)">1+4+n2. 


P(1) is true since (1 +x)! = 1 + z. 

Now let k > 1 and assume that P(k) is true; that is, 
(l+a)*>1+4+ ke. 

We wish to deduce that P(k + 1) is true; that is, 
(1+) > 1+(k4+1)z. 


Multiplying the inequality (1+2)* > 1+ ka by the quantity (1 + x), which 
is non-negative because x > —1, we get 
(l+a)*! > (14+2)(1+ ka) 
=1+(k+l)a+k2? 
>1+(k+1)z, 
since the term kz? is positive. Thus we have shown that 


P(k) => P(k+1), fork>1. 
Hence, by mathematical induction, P(n) is true, for n > 1. E 
In Worked Exercise D13 you saw that 
1 
21/7 < 1+-, forn>1. 
n 


In the next worked exercise you will see how Bernoulli’s Inequality can be 
used to prove another inequality involving 2!/”. 


Worked Exercise D15 


By applying Bernoulli’s Inequality with x = —1/(2n), prove that 


1 
Pei p fornzl 


n — 


Combining the results of Worked Exercises D13 and D15, we have shown 
that 


1 1 
DeLee. forn>l. 
1 n 


1 
ue: 


Exercise D17 


By applying Bernoulli’s Inequality, first with x = —3/(4n), and then with 
x = 3/n, prove that 


2 E ERA forn> 1. 
3 n 


1 
© ee 


4 Least upper bounds 


In this section you will meet the idea of upper and lower bounds of a set 
and then see how to identify the least upper bound and the greatest lower 
bound of a set. You will also learn about the Least Upper Bound Property 
of R. 


4.1 Upper bounds and lower bounds 


Any finite set of real numbers has a greatest element (and a least element), 
but this property does not necessarily hold for sets with infinitely many 
elements. For example, neither of the sets N = {1,2,3,...} and [0,2) has a 
greatest element. However, the set [0,2) is bounded above by 2, since all 
points of [0,2) are less than 2. 
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Definitions 
A set E CR is bounded above if there is a real number M, called 
an upper bound of E, such that 

a<M, forallxe E. 


If the upper bound M belongs to E, then M is called the maximum 
element of Æ, and is denoted by max E. 


Geometrically, the set E is bounded above by M if no point of E lies to 
the right of M on the real line. 


For example, if E = [0, 2), then the numbers 2, 3, 3.5 and 157.1 are all 
upper bounds of E, whereas the numbers 1.995, 1.5, 0 and —157.1 are not 
upper bounds of Æ. Although it may seem obvious that [0,2) has no 
maximum element, you may find it difficult to write down a proof of this 
fact. The next worked exercise demonstrates how to do this. 


Worked Exercise D16 


Sketch the following sets on the real line, and determine which are 
bounded above and which have a maximum element. 


(a) Ey = [0, 2) 
(b) E= {1/n:n=1,2,...} 
(c) Es =N 


Exercise D18 


Sketch the following sets on the real line, and determine which are 
bounded above and which have a maximum element. 


(a) E, = (—00, 1] 
(b) Ez = {1 — 1/n:n=1,2,...} 
(c) E3 = {n:n =1,2,...} 


Lower bounds are defined in a similar way to upper bounds. For example, 
the interval (0,2) is bounded below by 0, since 


O<a, forall x € (0,2). 


However, 0 does not belong to (0,2), so 0 is not a minimum element of 
(0,2). In fact, (0,2) has no minimum element. 
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Definitions 


A set E CR is bounded below if there is a real number m, called a 
lower bound of E, such that 


m<«, forallxe E. 


If the lower bound m belongs to E, then m is called the minimum 
element of FE, and is denoted by min E. 


Geometrically, the set Æ is bounded below by m if no point of E lies to the 
left of m on the real line. 


Exercise D19 
Determine which of the following sets are bounded below and which have a 
minimum element. (The sketches you made in Exercise D18 may help.) 
(a) Eı = (~, 1] 
(b) E= {1 = 1/n:n=1,2,...} 
(c) Ez = {n2 :n =1,2,...} 


The following terminology is also useful. 


Definitions 


A set E C R is bounded if E is bounded above and bounded below; 
the set E is unbounded if it is not bounded. 


For example, of the sets you met in Exercises D18 and D19, the set 
Eo = {1 — 1/n : n = 1,2,...} is bounded, but FE, = (—oo,1] and 
Ez = {n?:n=1,2,...} are unbounded. 


4.2 Least upper bounds and greatest lower 


bounds 


We have seen that the set [0,2) has no maximum element. However, [0, 2) 
has many upper bounds, for example 2,3,3.5 and 157.1. Among all these 
upper bounds, the number 2 is the least upper bound, because any number 
less than 2 is not an upper bound of [0, 2), as illustrated in Figure 13. 


least upper bound 


—1 0 1 2 3 
Figure 13 The least upper bound of (0, 2) 


The least upper bound of a set is also called the supremum of a set. This 
comes from the Latin word supremus meaning ‘highest’. 


Definition 

A real number M is the least upper bound, or supremum, of a set 
ECRif 

1. M is an upper bound of E 

2. each number M’ < M is not an upper bound of E. 


In this case, we write M = sup E. 


If E has a maximum element, max E, then sup E = max E. For example, 
the closed interval [0,2] has maximum element 2, so it has least upper 
bound 2. 


If a set does not have a maximum element but is bounded above, then we 
may be able to guess the value of its least upper bound. As in the example 
E = 0,2), there may be an obvious ‘missing point’ at the upper end of the 
set. We now see how to prove that our guess is correct. 


Worked Exercise D17 


Prove that the least upper bound of [0, 2) is 2. 
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The solution to Worked Exercise D17 illustrates the following strategy for 
determining the least upper bound of a set, if there is one. 


Strategy D1 


To show that M is the least upper bound (supremum) of a 
subset E of R, check that: 


1. 2 <M, for allxe Ia 
2. if M’ < M, then there is some x € E such that x > M’. 


The points and sets involved in Strategy D1 are illustrated in Figure 14, 
with the set E being indicated by bold green lines. If M is an upper bound 
of a set E and M € E, then steps 1 and 2 of the strategy are automatically 
satisfied, so M = sup E = max E. 


Worked Exercise D18 


Determine the least upper bound of the set 


E={1—1/n? :n=1,2,...}. 
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Exercise D20 


Determine the least upper bound, if it exists, for each of the following sets. 
(You will find it helpful to refer to your solution to Exercise D18.) 


(a) Ey = (—œ, 1] 
(b) Bo ={1-1/n:n=1,2,...} 
(c) E3 = {n:n =1,2,...} 


The greatest lower bound or infimum of a set is defined in a similar way to 
the least upper bound. The word infimum comes from the Latin word 
infimus meaning ‘least’. 


Definition 


A real number m is the greatest lower bound, or infimum, of a 
set E C R if 


1. m is a lower bound of FE 
2. each number m’ > m is not a lower bound of E. 


In this case, we write m = inf E. 


If E has a minimum element, then inf E = min E. For example, the closed 
interval [0,2] has minimum element 0, so it has greatest lower bound 0. 
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The following strategy for proving that a number is the greatest lower 
bound of a set is similar to Strategy D1. 


Strategy D2 


To show that m is the greatest lower bound (infimum) of a 
subset E of R, check that: 
ile a S m ton o a E JE 


2. if m’ > m, then there is some x € E such that x < m’. 


The sets and points involved in Strategy D2 are illustrated in Figure 15, 
with the set E being indicated by bold lines. If m is a lower bound of E 
and m € E, then steps 1 and 2 of the strategy are automatically satisfied, 
som = inf E = min E. 


Exercise D21 


Determine the greatest lower bound, if it exists, for each of the following 
sets. 


(a) Ey, = (1,5] (b) Ez = {1/n2 :n =1,2,...} 


4.3 Least Upper Bound Property 


In the exercises and worked exercises in the previous subsection it was 
straightforward to guess the values of sup E and inf E. Sometimes, 
however, this is not the case. For example, if 


1 2 3 
B= {(14 tn)? in =1,2,.-4 ={ 2), 2), 2) }, 
then it is not very easy to guess the value of the least upper bound of E. It 
turns out that 


sup EF = e = 2.718 28.... 
In cases like this it can be reassuring to know that sup E does exist, even 
though it may be difficult to find. 


The existence of sup E is guaranteed by the following fundamental result, 
which is the basis for many other results in analysis. (This is an example 
of an existence theorem, that is, a theorem that asserts that a 
mathematical object, such as a real number with a certain property, must 
exist, but does not tell you what it is.) 


Least Upper Bound Property of R 


Let E be a non-empty subset of R. If E is bounded above, then E has 
a least upper bound. 


This property of R is very plausible geometrically. If the set FE lies entirely 
to the left of some number M, then you can imagine decreasing the value 
of M steadily until any further decrease causes M to be less than some 
point of E. At this point, sup E has been reached, as shown in Figure 16, 
where the set E is indicated by bold green lines. 


E 


sup E McG 


Figure 16 ‘The Least Upper Bound Property of R 


The Least Upper Bound Property of R can be used to show that R does 
indeed include non-recurring decimals which represent irrational numbers 
such as v2, as was claimed in Section 1. It can also be used to define the 
arithmetic operations of addition and multiplication with such decimals. 
We discuss this further in Section 5. 


As you would expect, there is a corresponding property for lower bounds. 


Greatest Lower Bound Property of R 


Let E be a non-empty subset of R. If E is bounded below, then E has 
a greatest lower bound. 


We now give a proof of the Least Upper Bound Property in the case when 
the set E contains at least one positive number. The proof in the general 
case can be reduced to this special case, but we do not give the details. 
Try to follow the proof if you are interested, but you can omit it if you are 
short of time. 


Proof of the Least Upper Bound Property Let E be a subset of R 
that is bounded above and contains at least one positive number. 


®. We first choose a suitable candidate for the least upper bound, and 
then use Strategy D1. & 


We apply the following procedure to give us the successive digits in a 
decimal ap.a,a2..., which we then prove to be the least upper bound of E. 


We choose in succession: 
the greatest integer ag such that ao is not an upper bound of E 
the greatest digit a, such that ag.a, is not an upper bound of E 
the greatest digit ag such that ag.ajaq is not an upper bound of E 


the greatest digit a, such that ao.a1 ...an is not an upper bound of Æ 
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Thus at the nth stage, the selected digit a, has the properties that 


ao.a1@2...@, is not an upper bound of E (4) 
1 
a0-4102 . . . An + TUF is an upper bound of E. (5) 


®. Since E contains at least one positive number, the numbers in (4) 
and (5) are positive rationals. @ 


We now use Strategy D1 to prove that the least upper bound of E is the 
non-terminating decimal 


a = 09-0109 e600 


First we have to show that a is an upper bound of E; that is, if x € E, 
then x < a. To do this, we prove the equivalent contrapositive statement: 
if x >a, then z ¢ E. 


®. Note that our procedure for choosing a always produces a 
non-terminating decimal. For example, it would give a = 1.49999..., 
rather than a = 1.5. For the purpose of making comparisons, we therefore 
represent x in the same way. ® 


Let x > a, and represent x as a non-terminating decimal x = 7.171 2%2.... 
Since x > a, there is a least integer n such that £n > an, which means that 


£n > An +1. Thus for this value of n we have 


il 
LO0-L1L2 ... Ln Z Q0-4102 ... An + Tor > a9.a1a2..., 


SO £0.412%Q...XLp is an upper bound of E, by statement (5). Since x is 
non-terminating, x > £0.-L172... Zn, so x É E, as required. 


To complete the proof we have to show that if a’ < a, then a’ is not an 
upper bound of FE. Let a’ < a. Then there is an integer n such that 


a’ < a0.4102...Qn, 
so a’ is not an upper bound of E, by statement (4). 


Thus we have proved that a is the least upper bound of E. a 


5 Manipulating real numbers 


This section is intended for reading only. There are no exercises on this 
section. 


5.1 Arithmetic with real numbers 


At the end of Section 1 we discussed the non-recurring decimals 
representing the irrationals v2 and 7, which begin 


V2 = 1.41421356... and m=3.14159265..., 


and asked whether it is possible to add and multiply these numbers to 
obtain another real number. We now explain how this can be done using 
the Least Upper Bound Property of R. 


A natural way to obtain a sequence of approximations to the sum 2+ 7 
is to truncate each of the above decimals and then form the sums of these 
truncated decimals. If each of the decimals is truncated at the same 
decimal place, then we obtain the following sequences of approximations, 
which are increasing. 


V2 T V24+n 


1 3 4 
1.4 3.1 4.5 
1.41 3.14 4.55 


1.414 3.141 4.555 
1.4142 3.1415 4.5557 


Intuitively we expect that the sum 2 + 7 is greater than each of the 
numbers in the right-hand column, but ‘only just’. To accord with our 
intuition, therefore, we define the sum \/2 + 7 to be the least upper bound 
of the set of numbers in the right-hand column; that is, 


V2 +T =sup{4, 4.5, 4.55, 4.555, 4.5557, ...}. 


To be sure that this definition makes sense, we need to show that this set 
is bounded above. But all the truncations of v2 are less than 1.5 and all 
those of m are less than 4. Hence, all the sums in the right-hand column 
are less than 1.5 + 4 = 5.5. So, by the Least Upper Bound Property of R, 
the set of numbers in the right-hand column does have a least upper bound 
and we can define /2 + 7 this way. 


This method can be used to define the sum of any pair of positive real 
numbers. 


Let us check that this method of adding decimals gives the correct answer 
when we use it in a familiar case. Consider the simple calculation 


5+ 2 =0.333...+0.666.... 
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Truncating each of these decimals and forming the sums, we obtain the set 
{0, 0.9, 0.99, 0.999, ...}. 


The supremum of this set is 0.999... = 1, which is the correct answer. (We 
are not suggesting that this is a practical method for adding rationals!) 


We can define the product of any two positive real numbers in a similar 
way. For example, to define /2 x m we can form the sequence of products 
of their truncations. 


V2 T V2 xr 


1 3 3 
1.4 3.1 4.34 
1.41 3.14 4.4274 


1.414 3.141 4.441374 
1.4142 3.1415 4.4427093 


As before, we define v2 x m to be the least upper bound of the set of 
numbers in the right-hand column. 


Similar ideas can be used to define the operations of subtraction and 
division, but we omit the details. 


In this way we can define arithmetic with real numbers in terms of the 
familiar arithmetic with rationals by using the Least Upper Bound 
Property of R. Moreover, it can be proved that these operations in R 
satisfy all the usual properties of a field; you saw these listed in 
Subsection 1.5. 


5.2 Existence of roots 


Just as we usually take for granted the basic arithmetic operations with 
real numbers, so we usually assume that, given any positive real number a, 
there is a unique positive real number b = v/a such that b? = a. We now 
discuss the justification for this assumption. 


First, here is a geometric justification. Given line segments of lengths 1 
and a, we can construct a semicircle with diameter a + 1 as shown in 
Figure 17. 


Figure 17 A semicircle with diameter a+ 1 


Using similar triangles, we find that 

Ai so b =a. 
This shows that there should be a positive real number b such that b? = a, 
in order that the length of the vertical line segment in this figure can be 


described exactly. But does b = ya always exist exactly as a real number? 
In fact it does, and a more general result is true. 


Theorem D3 


For each positive real number a and each integer n > 1, there is a 
unique positive real number b such that 


OE = @. 


We call this positive number b the nth root of a, and write b = a. We 
also define ~/0 = 0, since 0” = 0. 

In the special case a = 2 and n = 2, Theorem D3 asserts the existence of a 
positive real number b such that 


b? = 2. 


Here is a direct proof of Theorem D3 in this special case. (A proof of the 
general case is given in Section 4 of Unit D4.) We choose the numbers 
1,1.4,1.41,1.414,... to satisfy the inequalities: 
e222 
(1.4)? < 2 < (1.5)? 
(1.41)? < 2 < (1.42)? (6) 
(1.414)? < 2 < (1.415)? 


This process gives an infinite decimal b = 1.414... and we claim that 
b = (144. =. 


This can be proved using our method of multiplying decimals. 


b b b’ 
1 1 1 
1.4 1.4 1.96 


1.41 1.41 1.9881 
1.414 1.414 1.999396 


We have to prove that the least upper bound of the set E of numbers in 
the right-hand column is 2. In other words, 


sup E = sup{1, 1.4°, 1.41?, 1.414?,...} = 2. 
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To do this, we use Strategy D1. 


First we check that M = 2 is an upper bound of E. This follows from the 
left-hand inequalities in (6). 


Next we check that if M’ < 2, then there is a number in Æ which is greater 
than M’. To prove this, we put 


£to = 1, T1 Z 1.4, T2 = 1.41, T3 = 1.414, 


By the right-hand inequalities in (6) we have, for n = 0,1,2,..., 
so 


Since £n < 2, we have 
1 
2 — <2x24+1=5 
In + TOF + 
and so 


5 
Ta > 2- g = 1.992.985. 
n digits 


Thus if M’ < 2, then we can choose n so large that x2 > M’. This proves 
that the least upper bound of the set E is 2, so 


b? = (1.414...) = 2, 


as claimed. Thus b = 1.414... is a decimal representation of 2. 


5.3 Powers 


Having discussed nth roots, we are now in a position to define the 
expression a”, where a is positive and x is a rational power (or exponent). 


Definition 

Ifa >0,m EZ andn €N, then 
ama 

or, equivalently, 


oe — Yam. 


For example, for a > 0 with m = 1 we have a!/" = Va, and with m = 2 
and n = 3 we have a2/3 = (¥/a)?. 


This notation is particularly useful because rational powers satisfy the 
following laws, whose proofs depend on Theorem D3. 


Index Laws 
If a,b > 0 and x,y € Q, then 


CE = eae) a amd (a) a 


Remarks 


1. If x and y are integers, then these laws also hold for all non-zero real 
numbers a and b, not just positive ones. However, if x and y are not 
integers, then we must have a > 0 and b > 0. For example, (—1)!/? is 
not defined as a real number. 


2. Each positive number has two nth roots when n is even. For example, 
2? = (—2)? = 4. We adopt the convention that, for a > 0, V/a and a!/” 
always denote the positive nth root of a. If we wish to refer to both 
roots (for example, when solving equations), then we write + (Ya. 


We conclude this section by briefly discussing the meaning of a” when 

a > 0 and z is an arbitrary real number. We have defined a” when x is 
rational, but the same definition does not work if x is irrational. However, 
it is common practice to write expressions such as 


ga? 


and even to apply the Index Laws to give equalities such as 


E 
(EP) Va Va 


Such manipulations can be justified, and by the end of this book you will 
have seen one way to do this. Moreover, the justification uses several key 
ideas from the book, including convergence of sequences, convergence of 
series and continuity. 


Summary 


In this unit you have met many of the basic ideas and techniques you will 
need as you continue your study of analysis. 


You have seen how the real numbers and their arithmetic operations can 
þe precisely defined using infinite decimals. You have learned how to 
manipulate, solve and prove inequalities, and met the Triangle Inequality 
and Bernoulli’s Inequality, both of which are widely used in analysis. You 
have studied upper and lower bounds of sets of real numbers, and 
discovered how to show whether a given number is a least upper bound or 
a greatest lower bound of such a set. 


Summary 
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Finally, you have seen that whilst both the rationals and the reals are 
ordered fields, only the real numbers possess the Least Upper Bound 
Property, namely that every non-empty subset of R that is bounded above 
has a least upper bound. This is the key property that distinguishes the 
reals from the rationals, and it underlies many of the ideas you will meet 
in future analysis units. 


Learning outcomes 


After working through this unit, you should be able to: 


e explain the relationship between rational numbers and recurring 
decimals 


e explain the term irrational number 


e understand how the real numbers can be defined in terms of infinite 
decimals 


e find a rational and an irrational number between any two distinct real 
numbers 


e solve inequalities by rearranging them into simpler equivalent forms 
e solve inequalities involving modulus signs 
e use the Triangle Inequality 


e use the Binomial Theorem, mathematical induction and Bernoulli’s 
Inequality to prove inequalities which involve an integer n 


e explain the terms bounded above, bounded below and bounded 


e use the strategies for determining least upper bounds and greatest lower 
bounds 


e state the Least Upper Bound Property of R and the Greatest Lower 
Bound Property of R 


e explain how the Least Upper Bound Property is used to define 
arithmetic operations with real numbers 


e explain the meaning of rational powers. 


Solutions to exercises 


Solution to Exercise D1 


Since 45 x 20 = 900 and 17 x 53 = 901, we have 


45/53 < 17/20. Thus 


Ea M 2 age ee Fl ey 
20 53 53. 20 ` 


Solution to Exercise D2 
Let a,b be distinct rationals, where a < b. 


Let c = 4(a + b); then c is rational, and 


Solution to Exercise D3 
We have 4 = 0.142857 142857... 


Solution to Exercise D4 

(a) Let x = 0.231. 

Multiplying both sides by 10°, we obtain 
1000z = 231.231 = 231 + x. 


Hence 
231 77 


9997 = 231, so r=—-=—. 
999 333 


(b) Let x = 0.81. 
Multiplying both sides by 107, we obtain 
100x = 81.81 = 81 + z. 


Hence 
81 9 
— 1 Z eo Z —— = 
99x = 81, so x 39 IT 
Thus 
9 251l 


= 2 
2.281 = 2 + — + — = —. 
i tio" 110 


Solution to Exercise D5 


17 45 45 
20 0.85 and 53 0.8 , SO 53 < 30 


Solutions to exercises 


Solution to Exercise D6 
x=0.34 and y=0.340010010001..., 


where 010010001... is a non-recurring tail. 


Solution to Exercise D7 
(a) Rule 2 with c= 3 gives x +3 > 5. 


(b) Rule 1 followed by Rule 3 with c = —1 gives 
2-—x“2<0. 


(c) Rule 3 with c = 5 followed by Rule 2 with 
c= 2 gives 5x +2 > 12. 


(d) Part (c) followed by Rule 4 gives 
1/(5x +2) < 1/12. 


Solution to Exercise D8 


(a) Note that this inequality cannot be solved by 
cross-multiplying, because xz? — 1 can be positive, 
zero or negative, depending on the value of x. 
Rearranging the inequality (using Rule 1 and 
Rule 3 with c = —4), we obtain 


Ay — x? —7 
— >33 4 —.— - 320 
v—-1 7 z2—1 = 


<> — 2-0 
< 


<> 


Since (x — i + 3 > 0, for all x, the inequality 
holds if and only if x? — 1 = (x — 1)(x + 1) < 0. 
(The fraction is undefined when x? — 1 = 0.) 
Hence the solution set is 
Ag — 2? = 7 
: —>—@—__ > 3; = (1,1). 
fa | -1 7 } (meN 
(b) Rearranging the inequality (using Rule 1), we 
obtain 
Qn? > (x +1? = I? >r’ +2r+1 
<=> z’—2r—-1>0 
< (r-1)}-2>0 
= (r-1?>2. 
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Hence the solution set is Solution to Exercise D11 
{x : 2x? > (+ 1)*} 
={z:x—1<-vV2}U{r:z-1 > v2} 


1 
(a) Suppose that |a| < 5. 


The Triangle Inequality gives 
= (—00,1 — V2] U [1+ v2, œœ). ja + 1]| 


< Jal + [1] 
: i a ol j <= 

Solution to Exercise D9 an (since |a| < 3) 
— 5: 

The expression 2x? — 2 is defined, and Hence 

non-negative, when 2z? — 2 > 0, that is, for z? > 1. a 3 

Thus v 22x? — 2 is defined if x lies in la| <5 = ļa+1|< 5. 

(—o0, —1] U [1, 00). (b) Suppose that |b| < 5. 

For x > 1, using Rule 5 with p = 2, we see that The backwards form of the Triangle Inequality 

V222 -2> — > I227-2>2? gives 
<> r >R |b? — 1) > a 
So the part of the solution set in [1,00) is (v2, 00). = |b]? = 1| 
For z < —1, a ie 


Now 
2x2 -2>0>a2, 


b< = |<} 


P<} = 1-b? >z, 


so the whole of (—oo, —1] lies in the solution set. 


; : aa the previ hain of i liti 
Hence the complete solution set is eo Rare PE A cipro ee ees as 


{x : 2x2 — 2 > x} = (—co,-1] U (V2, 00). 


Solution to Exercise D10 


b< = -1il >g. 


Solution to Exercise D12 


Rearranging the inequality (using Rule 2 and 


(a) Rearranging the inequality (using Rule 6 and Rule 3), we obtain 


Rule 5 with p = 2), we obtain 


i 2 1 1 
2z? —13|<5 <= -5 <227-13<5 ={a+-)<a 4> -a+-<a 
> 8< 272 <18 2 a A a 
= 4<r?<9 1 


<= Acar <9 
= 2 | <3. 
Hence the solution set is 
{x : |2z? — 13| < 5} = (—3, —2) U (2,3). Since the final inequality is true by assumption, 


(i) eareanene the tnequdliey Casas Rule Seth the first inequality must also be true. Hence 


p = 2), we have 1 2 ‘ 2 
=ils asii ys Ga eae ae TCHR if a > 0 and a* > 2. 
=> r?—2r+1<4r?+8r+4 
<=> 0< 3r? +10r+3 
<= 0< (3x +1)(x +3). 
Hence the solution set is 
{x : |z — 1| < 2|æ + 1|} = (~, —3] U [-4, ov). 
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Solution to Exercise D13 


Rearranging the inequality (using Rule 3 and 
Rule 1), we obtain 
— <1 = 3n<n’ +2 
4 0<n’-3n+2 
4> 0< (n-1)(n—-2), 
and this final inequality certainly holds for n > 2. 
So 
3n 


pd for n > 2. 


<A, 


Solution to Exercise D14 


Using Rule 3 for rearranging the inequalities, we 
obtain 


1 3 
on’ > (n+1) <> 2> (= ) 
n 


The inequality on the right is certainly true for 
n = 4, since 


5 "12, 
4} 64 7” 


and, in fact, for n > 4 we have 


DEGNO] 


so that 


ey] 


Hence 


2. 


IA 


2n? >(n+1)3, forn>4. 


Solution to Exercise D15 


We substitute x = 1/n in the Binomial Theorem 
for (1+ x)”, and notice that all the terms are 
positive since n > 1; this gives 


(i++), = 1+n(2) | mn ) (+) 


=Í 
>1+14+2 

2n 
zaal 1 5 1 
7 2 On 2 On 
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1\” 1 
1+-- AEN for n > 1. 
n 2 2n 


Solution to Exercise D16 
Let P(n) be the statement 2” > n°. 
P(10) is true since 21° = 1024 > 10°. 


Now let k > 10 and assume that P(k) is true; that 
is, 


2S i 

We wish to deduce that P(k + 1) is true; that is, 
okt > (k 413, 

Multiplying the inequality 2° > k? by 2 we get 
gktl > 2%, 

so it is sufficient for our purposes to prove that 
ok? > (k+1), for k> 10. 


This inequality is true, by Exercise D14. (It holds 
in fact for k > 4.) Hence 


Thus 
P(k) => P(k+1), 


for k > 10. 


for k > 10. 


Hence, by mathematical induction, P(n) is true, 
for n > 10. 


Solution to Exercise D17 


Applying Bernoulli’s Inequality with x = —3/(4n), 
we obtain 


2" 3 1 
to) Sa ee jee 
( =) = +n =) 4 


Hence, by Rule 5 with p = n, we get 

3 1 
a. E 
An ~ 41/n’ 
Using Rule 4, we can rewrite this inequality in the 
form 


for n > 1. 


4n 


n3 < Aye for n > i, 

so that 
4n—3+3 3 1 
cee, ee | ee eT 
4n—3 oo OTe ees 


as required. 
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Next, applying Bernoulli’s Inequality with 
x = 3/n, we obtain 


3y” 3 
(1+3) >14n(2) = 4, 
n n 
Hence, using Rule 5 with p = n, we get 
3 
i+—Sa" fern > 1, 
n 


as required. 


Putting these two results together, we get the 
required inequality. 


Solution to Exercise D18 


(a) ae 
a 
=I 0 1 


The set Æ; is bounded above. For example, M = 1 


is an upper bound of E4, since 
xr<1, forall ge EF. 


Also, max F; = 1, since 1 € Fy. 


(b) Eə 
—eo oo oeo ~n~ 
1 2 34 
0 2 345771 


The set E> is bounded above. For example, M = 1 
is an upper bound of E2, since 


1 
1--<1, forn=1,2,.... 
n 


However, Es has no maximum element. For each 
x € Ey we have x = 1 — 1/n, for some n € N, so 
there is another element of Es for example 
1—1/(n+1), such that 


1 1 . ii 1 
l1—--<1-— since — < —]. 
n n+1 n+1 n 
Hence z is not a maximum element of FE». 


(c) 


The set E3 is not bounded above. For each real 
number M, there is a positive integer n such that 
n? > M (for instance, take n > M, which implies 
that n? > n > M). Hence M is not an upper 
bound of E3. 


It follows that E3 cannot have a maximum element. 


Solution to Exercise D19 


(a) The set E1 = (—oo, 1] is not bounded below. 
For each real number m, there is a negative real 
number x such that x < m. Since x € Fj, the 
number m is not a lower bound of F). 


It follows that Fy cannot have a minimum element. 
(b) The set Ey is bounded below by 0, since 
1 
1—->0, forn=1,2,.... 
n 
Also, 0 € Fo, so min Fə = 0. 
(c) The set E3 is bounded below by 1, since 
n? >1, forn=1,2,.... 


Also, 1 € E3, so min E3 = 1. 


Solution to Exercise D20 


(a) The set Æi = (—oo, 1] has maximum 
element 1, so 


sup FE; = max FE; = 1. 
(b) We know from Exercise D18 that 1 is an 
upper bound of E», since 
1 
1——<1, forn=1,2,.... 
n 


To show that M = 1 is the least upper bound of 
E», we have to prove that, if M’ < 1, then there is 
an element 1 — 1/n of E such that 


1 
1-—>M". 
n 
Suppose that 0 < M’ < 1. We have 
1 
1- => M' 
k 1 
=> 1-M'>- 
n 
<=> 1/(1—M')<n (since 1—M’ > 0). 
By the Archimedean Property, we can take a 


positive integer n so large that n > 1/(1— M’). 
Hence, for this value of n, we have 


1- 2 > M', 
n 
so M’ is not an upper bound of Eo. 
It follows that 1 is the least upper bound of Fə. 
(c) The set Ez = {n?:n=1,2,...} is not 


bounded above, so it cannot have a least upper 
bound. 


Solution to Exercise D21 


(a) We know that 1 is a lower bound of the set 
E; = (1, 5], since 


1l<a, foralla ce F. 


To show that m = 1 is the greatest lower bound 
of E1, we prove that if m’ > 1, then there is an 
element x in E which is less than m’. 

Suppose that m’ > 1. By the Density Property, 
there is a real number x such that 


l<a<m and «<5, 


so x € Ey and x < m’. Thus m is not a lower 
bound of F). 


Hence 1 is the greatest lower bound of EF}. 


(b) We know that 0 is a lower bound of the set 
Ey = {1/n? : n = 1,2,...}, since 


O0<1/n?, forn=1,2,.... 


To show that m = 0 is the greatest lower bound 
of Ey, we prove that if m’ > 0, then there is an 
element 1/n? in Fə such that 1/n? < m. 


If m’ > 0, then we have 
1 


1 1 2 
-> <m SS n> sa 
n m 
4> n>vV1/m'. 
We can take a positive integer n so large that 
n > /1/m’. Hence the first inequality holds for 
this value of n, and so m’ is not a lower bound of 
Ep. 


It follows that 0 is the greatest lower bound of E». 
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Introduction 


Introduction 


This unit deals with sequences of real numbers, such as 


jt, bi 2 2 
99939495 67°) 


0,1,0,1,0,1,..., 
1,2,4,8, 16, 32,.... 


The three dots (an ellipsis) indicate that the sequence continues 
indefinitely. 


You will learn about various properties that a sequence may possess, the 
most important of which is convergence. Roughly speaking, a sequence is 
convergent, or tends to a limit, if the numbers in the sequence approach 
arbitrarily close to a unique real number, which is called the limit of the 
sequence. For example, you will see that the sequence 

re oe tee 


is convergent with limit 0. On the other hand, the numbers in the sequence 
0,1,0,1,0,1,..., 


do not approach arbitrarily close to a unique real number, so this sequence 
is not convergent. Likewise, the sequence 


1,2,4,8, 16, 32,..., 
is not convergent. A sequence which is not convergent is called divergent. 


One of the reasons for studying sequences is that they provide a relatively 
simple setting in which we can begin to explore precise definitions of these 
ideas of convergence and limits. As you will see in the next unit, sequences 
are also a key tool in deciding when and how infinite sums make sense. 


Intuitively, it seems plausible that some sequences are convergent, whereas 
others are not. However, the above description of convergence, involving 
the phrase ‘approach arbitrarily close to’, lacks the precision required in 
pure mathematics. If we wish to work in a serious way with convergent 
sequences, prove results about them and decide beyond doubt whether or 
not a given sequence is convergent, then we need a rigorous definition of 
this concept. 


Historically, such a definition emerged only in the late nineteenth century, 
when mathematicians such as Bolzano, Cantor, Cauchy, Dedekind and 
Weierstrass placed analysis on a rigorous footing. It is not surprising, 
therefore, that at first sight the definition of convergence is rather subtle 
and it may take you a little time to grasp it fully. 
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1 Introducing sequences 


In this section you will see how to picture the behaviour of a sequence by 
drawing a sequence diagram. You will also study monotonic sequences, 
that is, sequences which are either increasing or decreasing. 


1.1 What is a sequence? 


Ever since you learned to count, you have been familiar with the sequence 
of natural numbers 


1,2,3,4,5,6,.... 
You will also have encountered many other sequences of numbers, such as 


2,4,6,8,10,12,..., 
1 1 1 1 i ee |! 


We begin our study of sequences with some definitions and notation. 


Definitions 


A sequence is an unending list of real numbers 
Q1,42,Q43,.... 


The real number an is called the nth term of the sequence, and the 
sequence is denoted by 


(CAE 


In the examples above, it is assumed that all the terms of the sequence 
after the first few are obtained by continuing the pattern in an obvious 
way. However, it is usually better to give a precise description of a typical 
term of the sequence, and often we can do this by giving an explicit 
formula for the nth term. For example, the nth term of the sequence (an) 
whose first few terms are 


1,3,5,7,9,11,..., 
is given by the formula 
Qn = m= 1, MH La 


We often refer to a sequence by writing the formula for its nth term in 
round brackets. In this notation, the sequence (an) would be written as 
(2n — 1), where it is understood that n takes the successive values 1,2,.... 


1 Introducing sequences 


Remarks 


1. Although most texts on analysis use the notation (a,,) for a sequence, 
you may also come across the alternative notations {an} or (an). 


2. Of course, round brackets are used frequently in mathematics with a 
variety of different meanings, so there is some risk of ambiguity in using 
the notation (an) for a sequence. This is especially true when we refer 
to a sequence by writing the formula for its nth term in round brackets, 
as with the sequence (2n — 1) mentioned above. Usually, the context 
will make clear whether or not an expression in round brackets refers to 
a sequence. For example, if it appears in the middle of an equation, an 
expression in round brackets does not denote a sequence. Thus in the 
equation 2n? — n = n(2n — 1), the expression (2n — 1) does not refer to 
a sequence. 


3. Notice that a sequence of real numbers differs from a set of real 
numbers. Changing the order of the terms in a sequence gives us a new 
sequence, whereas rearranging the elements of a set leaves the set 
unchanged. Moreover, the same number can occur many times in a 
sequence, but not in a set; for example, all the terms in the sequence 


0,1,0,1,0,1,..., 


belong to the set {0,1}. One advantage of the round bracket notation 
for sequences is that it avoids any confusion with sets that might arise 
from using braces (curly brackets). 


4. For all the sequences you will meet in this unit, there will be an explicit 
formula for the nth term. However, this is not essential — for example, 
the sequence of digits in the decimal expansion of 7 is a well-defined 
sequence, but there is no formula for its nth term. 


Exercise D22 


Calculate the first five terms of each of the following sequences (an). 
(Give your answer to part (e) to two decimal places.) 

(a) 0, =304+1, w= 1, 2)24- 

(Bb) an= "5: Ha 12 yaa 

(c) an= (1n; n=; 2s: 

(d) =n. n= h2 


1 n 
(e) a= (14+=) R= 12 ass 
n 
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Sequences often begin with a term corresponding to n = 1. However, 
sometimes it is necessary (or convenient) to begin a sequence with some 
other value of n. For example, the sequence (an) defined by 


an = 1/(n! — n) 
cannot begin with n = 1 or 2. We indicate this by writing, for example, 
(an)§° to represent the sequence 

a3, 44,45,... 
or writing 

an = 1/(n!- n), n=3,4,.... 


If a sequence is written as (an) with no subscripts or superscripts, then we 
assume that this denotes the sequence (a,,)?°. 


Sequence diagrams 


One helpful way to think of a sequence is as a function f with domain N 
and codomain R that maps each number n in the domain to the nth term 
of the sequence: 


f:N—R 
N An 


Using this idea, we can picture how a given sequence (an) behaves by 
drawing its sequence diagram, that is, the graph of the function from N 
to R that represents the sequence. To do this, we mark suitable values of n 
on the horizontal axis and, for each value of n, we plot the point (n, an). 
Often it is necessary to use different scales on the axes for clarity. Figure 1 
shows the sequence diagrams for three different sequences. 


ana ° Ana AnA 
104 lj œ 14 e ° e 
° dn = (11° 
e oat 
5 ° 4 oe n S S LL 
P o 1234506” 
e an =2n-1 œ 
T T T T T > T T T T T TT lj œ e e 
12 3456” 123456” 


Figure 1 Three sequence diagrams 


Exercise D23 


Draw a sequence diagram, showing the first five points, for each of the 
following sequences (an). 


(In part (c) you can use your solution to Exercise D22(e).) 


(a) =, n=]; 
(b) an=3, n=1,2,... 
1 n 
(c) an= (142) s 8 ee ere 
_y)n 
(d) Ls ii n= 1,2, 
n 


1.2 Monotonic sequences 


Many sequences have the property that, as n increases, their terms are 
either increasing or decreasing. For example, the sequence (2n — 1) has 
terms 1,3,5,7,..., which are increasing, whereas the sequence (1/n) has 
terms 1, 5, $, ,..., which are decreasing. The sequence ((—1)”) is neither 
increasing nor decreasing. All this can be seen clearly on the sequence 
diagrams in Figure 1. 


We now give precise meanings to these words increasing and decreasing, 
and introduce the word monotonic. These terms are illustrated in Figure 2. 


Definitions 
A sequence (an) is said to be 


e constant if 


Ost = Op, tor m= 1,2, ..6% 
e increasing if 
Opi 2 Gp, Wor nm = 1,2 occ, 


and strictly increasing if 


Opti > Gig Woe = l oss 
e decreasing if 
Opi < Gy WO = I, Byocoes 


and strictly decreasing if 
Opi < Gg Or 1M = 1, sos 


e monotonic if (an) is either increasing or decreasing. 


1 Introducing sequences 


e e e e e e 
> 
constant 
e 
e 
e 
e e 
e 
> 
increasing 
e e 
e 
e 
e 
e 
> 
decreasing 


Figure 2 Monotonic 
sequences 
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Notice that for a sequence (an) to be increasing, it is essential that 
an+1 > Gy for all n > 1. However, we do not require strict inequalities 
because we wish to describe a sequence such as 


1,1,2, 2,3,3,4,4,... 


as increasing. If strict inequalities do hold, and we want to emphasise this, 
then we can use the term strictly increasing to describe the sequence, 
provided that an+ı > an for all n > 1. Thus every strictly increasing 
sequence is increasing, but the converse is not true. Similar comments 
apply to the terms decreasing and strictly decreasing. One slightly bizarre 
consequence of the definitions is that constant sequences are both 
increasing and decreasing (though not, of course, strictly increasing or 
strictly decreasing). 


A sequence is monotonic if it is either increasing or decreasing (we do not 
require it to be strictly increasing or strictly decreasing, although it may 
be). To determine whether a given sequence is monotonic, it is not 
sufficient to draw a diagram: it is necessary to give a proof. There are 
various ways to do this. For example, (1/n) is a strictly decreasing 
sequence and is therefore monotonic, because 


1 1 
<-, forn=1,2,..., 
n+1 n 
sincen+1>n>0, forn=1,2,.... Here we have used Rule 4 for 


rearranging inequalities that you met in Unit D1 Numbers. We often use 
these rules when dealing with sequences, so for convenience they are 
restated in the box below. 


Rules for rearranging inequalities 
Let a,b,c and p be real numbers. 
Rulel a<b <=> b-a>0. 
Rule 2 a<b <= a+c<b+c. 


Rule 3 Ifc>0,thena<b <= ac< be; 
ne<O,imma<h === we> ive. 


Rule 4 Ifa,b>0, then 


il 
5 
Rule 5 Ifa,b > 0 and p > 0, then 


il 
a< b > «= 
a 


ach = @ < D 


Rule 6 ja| <b = -b<a<b. 


All the above rules also hold if strict inequalities are replaced by weak 
inequalities. 


The next worked exercise illustrates some of the other approaches that can 
be used to prove whether or not a sequence is monotonic. 


Worked Exercise D19 


Determine which of the following sequences (an) are monotonic. 


Solution 


(a) ©. You have just seen one proof that this sequence is monotonic. 
Here is another. © 


We have 
C= line and) Gp ti 


SO 
w Ges) a 


an 1/n n+1 
It follows that 


<i, tow 7 = l cose 


Ops K Ope tor = l ecoa 
Thus (an) is strictly decreasing, so (an) is monotonic. 
(b) For each n > 1, we have 
@, = (2 — 1) — 2) = 17? —3n +2 
and 
m= in — 1) = N = h 
so 
Opi = Op =2r—=Z220, for = 1, Booan- 
It follows that 
Cpt 2 Om, tor m= Bocca. 
Thus (an) is increasing, so (an) is monotonic. 


®. Notice that this sequence is not strictly increasing, because 
Oh) == Clay 0. & 


(c) ®. To prove that a sequence is not monotonic, use consecutive 
terms to show that the sequence is neither increasing nor 
decreasing. © 
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Worked Exercise D19 illustrates the use of the following two strategies. 


Strategy D3 


To show that a given sequence (an) is monotonic, consider the 
difference an41 — an- 


e If dn4i — an > O, for n = 1,2,..., then (a,,) is increasing. 


o If Qn4i1 — Qn < 0, for n = 1,2,..., then (an) is decreasing. 


If an > 0 for all n, then it is often more convenient to use the following 
strategy. 


Strategy D4 


To show that a given sequence (an) of positive terms is monotonic, 


' i a 
consider the quotient Aa, 
a 


n 


o H a 1, for n = 1,2,..., then (an) is increasing. 
an 
An+1 ; 3 
e If — <1, forn=1,2,..., then (an) is decreasing. 
an 


For a positive sequence, you can use either strategy; which is best depends 
on whether you think it is easier to simplify the difference a,41 — an or the 
quotient @n41/dn. 


Exercise D24 


Show that the following sequences (an) are monotonic. 
(In part (a) remember that, by convention, 0! = 1.) 
(a) an= (n=); n=l 2 ees 

(B) Gn a2 ty MEL ces 
( 


1 
6) a= t =, WH 1 eoa 
n 


Often it is possible to guess whether or not a sequence defined by a 
formula is monotonic by calculating the first few terms. Consider, for 
example, the sequence (an) given by 


1 n 
an = (1+) PE (aa heen 


In Exercise D22(e) you found that the first five terms of this sequence are 
approximately 


2, 2.25, 2.37, 2.44, 2.49. 


These terms suggest that the sequence (an) is increasing and, in fact, it is, 
as you will see in Section 5. 


However, the first few terms of a sequence are not always a reliable guide 
to the sequence’s behaviour. Consider, for example, the sequence 


10” 


The first five terms of this sequence are approximately 
10, 50, 167, 417, 833. 


These terms suggest that (an) is increasing. However, calculation of more 
terms shows that this is not so, as you can see in Figure 3. 


AnA 
3000- 
e e 
e e 
2000- e z 
10004 
e 
ẹ T T T T T T T T T T T > 
1 2 34567 8 9101112” 
Figure 3 The sequence diagram for ap = 10” /n! 
If we use Strategy D4, we find that 
Qn41  10%™7t/(n+1)! 10ta! 10 
an — 10/n! 10(n+1)! n41’ 
Now 
10 
<1 <> n+1>10 
n+1 
4> n>9. 
So 
Sia <1, forn>9. 
an 
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Hence 
Qn41 San, forn>9, 


so (an) is eventually decreasing (in fact, ag = a10 and (an) is strictly 
decreasing for n > 10). 


This type of situation arises quite often, so it is helpful to give a formal 
definition. 


Definition 

If a sequence (an) has a certain property provided we ignore a finite 
number of terms, we say that the sequence eventually has this 
property. 


We have just seen that the sequence (10"/n!) is eventually decreasing. As 
another example of this usage, consider the sequence (an) defined by the 
formula 


an =n’, mS 2.025 


Then we can say that the terms of this sequence are eventually greater 
than 100, because 


n? > 100, forn> 10. 


Sometimes you may need to show that a sequence does not eventually have 
a certain property. To do this, you need to find infinitely many terms of 
the sequence which fail to have the property. For example, the terms of the 
sequence (an) defined by the formula 


Aan =3n, M L2 eei 


are not eventually even, because 3n is an odd number whenever n is odd. 


Exercise D25 


Classify each of the following statements as true or false and justify your 
answers (if a statement is true, then prove it; if a statement is false, then 
explain why). 


(a) The terms of the sequence (an) defined by an = 2” are eventually 
greater than 1000. 


(b) The terms of the sequence (an) defined by an = (—1)” are eventually 
positive. 


(c) The terms of the sequence (an) defined by an = 1/n are eventually 
less than 0.025. 


(d) The sequence (an) defined by an = n*/4” is eventually decreasing. 


2 Null sequences 


In this section you will meet the definition of a null sequence, that is, a 
sequence which converges to 0. You will then explore the properties of null 
sequences and see how to prove these. You will also meet some basic null 
sequences and learn how to identify new null sequences. 


2.1 What is a null sequence? 


Let us begin by looking at the size of the terms of the sequence (an) 
defined by 


1 
U= ME Lye 
n 


Worked Exercise D20 


For each of the following statements about the terms of the above 
sequence (an), find an integer N that makes the statement true. 


1 1 
(a) n ~ T00 for all n > N 
b 22 eral ase 
n © 10007 a” 
Solution 


(a) ®. Since the quantities involved are all positive, we can use 
Rule 4 to rearrange the inequality. & 
We have that 
: < : == m > 100 
= < — n : 
nm 100 


Hence we may take N = 100. 


®. This is illustrated in the sequence diagram below. 


100 ; o 
100 n 


Of course, any integer greater than 100 is also a valid value for 
N, but any integer less than 100 is not. ® 
(b) We have that 
z a an == i) > aeo 
n — 1000 


Hence we may take N = 333. 
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The next exercise is similar to Worked Exercise D20, except that this time 
you are asked to look at a sequence with both positive and negative terms. 
The statements about the size of the terms therefore involve the modulus 
of the terms. 


Exercise D26 


For each of the following statements about the sequence (an) defined by 
the formula 


jin 
Gu = 2 


n — ’ 
n2 


or) 


find an integer N that makes the statement true. 


cj 1 
— —., for all N 
(a) m2 | < Joo? Sor alln> 
(-1)"|_ 3 
— ——., for all N 
(b) m2 | < op Sr alln > 


The solutions of Worked Exercise D20 and Exercise D26 suggest that, if 
(an) is a sequence defined by 


1 
an =—, n=1,2, ’ 
n 
or by 
<r 
an = C? ee — ae 


then as n becomes larger and larger, the terms of the sequence get closer 
and closer to 0. 


We need a formal way of describing precisely what we mean by this. In 
order to do this we introduce the Greek letter £, pronounced ‘epsilon’, 
which we use to denote a positive number that may be as small as we 
please in any given particular instance. 


The symbol e was first used within proofs in analysis by 
Augustin-Louis Cauchy (1789-1857) in his Cours d’Analyse of 1821. 
Cauchy chose £, which he also used in some of his work on probability, 
because it corresponds to the initial letter of erreur (error), a fact 
which seems rather amusing today given that £ is now the 
characteristic symbol of precision and rigour in analysis. 


We see that, for each of the two sequences we are considering, the terms of 
the sequence eventually lie inside a horizontal strip in the sequence diagram 
from —e up to £, and this is the case no matter how small £ is taken to be. 


For the sequence defined by 


== (a eee 
n 


the sequence diagram is given again in Figure 4. In this case the terms of 
the sequence are all positive, so we need only look at a horizontal strip 
from 0 up to £. In Worked Exercise D20 we considered the particular 
values £ = 1/100 and £ = 3/1000, but now we let £ represent any positive 
number, however small. 


AnA e 


z 
Sy 


Figure 4 The sequence an = 1/n 
This diagram suggests that, for each positive number e, there is an integer 
N such that 
1 
lan| =Qn =—<e, foraln>N. 
n 
This means that every term to the right of N in the diagram lies within 
the horizontal strip. In fact, this will be true if we take N to be any 
1 
integer satisfying N > —. 
E 
The sequence diagram in the case that 


=1)” 
RE zi W152. 3 2, 
n 


is given in Figure 5. 
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(—1)" 


n2 


Figure 5 The sequence an = 


This diagram suggests that, for each positive number e€, there is an 
integer N such that 


GD” 


n2 


|an| = 


= — <e, foraln>N. 
n 


In fact, this will be true if we take N to be any integer satisfying 
N > y/1/e. 


In both cases, the smaller we choose £, the further to the right in the 
sequence diagram we have to go before we can be sure that all the terms of 
the sequence from that point onwards lie inside the strip. That is, the 
smaller we choose £ the larger we have to choose N if we wish to have 


lan|<e, foralln>N. 


We now give a definition of a null sequence which formalises the notion of 
a sequence ‘getting closer and closer to 0’. It follows from the discussion 
above that both of the sequences we have been considering are null 
sequences according to this definition. The concept of a null sequence is 
illustrated in Figure 6. 


AnA e 


Figure 6 A null sequence 


Definitions 
The sequence (an) is null if 
for each positive number €, there is an integer N such that 
la@n| <2, ior all p >N. 


We also say that the sequence (an) is convergent with limit 0, or 
that (an) converges to 0. 


Remarks 


1. We write ‘for all n > N’ to emphasise that the inequality |an| < € holds 
for every integer n > N. Note that we can rewrite the last line of the 
definition as the implication 


ifn > N, then |an| < €. 
We sometimes refer to this statement as the -N statement. 


2. The sequence (an) is null if and only if the sequence (|a,,|) is null. This 
is because the statement in the definition is identical for the sequences 
(an) and (lanl). 


3. The null sequence (an) remains null if we add, delete or alter a finite 
number of terms to produce a new sequence (bn). Informally, we say 
that ‘finitely many terms do not matter’. 


This is because the statement in the definition above and its 
corresponding version for (bn) are identical, except that the values of N 
may differ by some integer. 


We can interpret the task of finding a suitable integer N when using the 
definition as an ‘e-N game’ in which player A chooses a positive number € 
and challenges player B to find some integer N for which the statement in 
the definition is true. Thus, for example, it follows from Exercise D26 that, 
for the sequence (an) defined by 


ün T a He es 


if player A chooses ¢ = 1/100 then player B can choose N = 10 (or any 
larger value). This is illustrated in Figure 7. 


Figure 7 The -N game 


Notice that in the ‘e-N game’, if (an) is any null sequence and both players 
make their choices carefully, then player B will always win. 
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Worked Exercise D21 


Prove that (an) is a null sequence if 


an = =, n=1,2,.... 


Sometimes we might want to prove that a sequence (an) is not null. To do 
this, we have to show that (an) does not satisfy the definition of a null 
sequence. In other words, we must show that the following statement is 
true: 


there is some value of ¢ > 0 for which there is no integer N such that 
lan|<e, foralln> WN. 


This is illustrated in the next worked exercise. Notice that in the 
‘e-N game’, if (an) is not a null sequence and both players make their 
choices carefully, then player A will always win. 


Worked Exercise D22 


Prove that the following sequence (an) is not null: 


0, ifn is even. 


{0 if n is odd, 
i 
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Solution 


®. We have to find a positive number € for which there is no integer 
N such that 


l@n| <6, forall a > N. 


In terms of the sequence diagram, this means that the sequence (an) 
does not eventually lie in the horizontal strip from —e to €. 


AnA AnA 
2 = 
lie e e e e lie e e e e 
il 
oT 
d + e . + > 2 + + + s > 
n i n 
= sop J 
25 l 


We can see that 2 would not be a suitable value of € but z would be a 


suitable value. In our ‘e-N game’, if player A plays € = $, then there 
is no integer N that player B can play to win. ® 


For all odd values of n, we have |an| = 1 and so, if € = 4, there is no 
integer N such that 
lanl <2, toralln > NV. 


Hence (an) is not a null sequence. 


®. Notice that any positive value of ¢ less than 1 will serve our 
purpose here: there is nothing special about the number 5. * 


Worked Exercises D21 and D22 illustrate the following strategy. 


Strategy D5 


e To show that the sequence (a,,) is null, rearrange the inequality 
|a,| < € to find an integer N (generally depending on €) such that 
lan |< 2, tor alll > N 


e To show that the sequence (an) is not null, find one value of € > 0 
for which there is no integer N such that |a,| < € for all n > N. 
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Exercise D27 


Use Strategy D5 to determine which of the following sequences (an) are 


null. 
1 
= = 12 
(a) an Im -— 1’ n ga 
=] n 
(b) an = EË , n=1,2, 
(—1)" 
(c) an = EFI n = 1,2, 


Hint: You will need to consider the case where £ > 1 and the case 
where 0 < £ < 1 separately. 


2.2 Properties of null sequences 


We now look at a number of properties of null sequences. These allow us 
to identify new null sequences without having to work with the definition. 


This subsection contains several proofs; reading them should improve your 
understanding of the material. However, if you are short of time, you 
should skim through these proofs now and return to them when time 
permits. 


Theorem D4 Power Rule for null sequences 


If (an) is null, where an > 0, for n = 1,2,..., and p is a positive real 
p 


number, then (af) is null. 
Proof We want to prove that the sequence (ah) is null; that is: 
for each positive number e, there is an integer N such that 
a, <e, foralln >N. (1) 
Here we use the fact that |ah| = añ, since ay > 0. 


We start by letting £ be a positive number. Since (a,) is null and €!/? is 
positive, there is an integer N such that 


an <E, for alln >N. (2) 
Taking the pth power of both sides of the inequality in statement (2), we 
see that statement (1) holds with the same value of N. E 


Note how we used e!/? in statement (2) in order to obtain € in 
statement (1). We often prove the e-N statement for some new null 
sequence by applying the definition to a known null sequence (or 
sequences), using a positive number related in a suitable way to €. 
Earlier we saw that the sequence (an) defined by 

1 


an = —, n=l,2,... 
n 


is null. By applying the Power Rule with p = 3, we can now deduce that 
the sequence (bn) defined by 


a Zes 


is also null. 


We will use the next set of rules a great deal. 


Theorem D5 Combination Rules for null sequences 
If (an) and (bn) are null, then: 

Sum Rule (an + bn) is null 

Multiple Rule (Aan) is null, for any real number A 
Product Rule (a,,b,) is null. 


Proof We first prove the Sum Rule. We want to prove that the sequence 
(an + bn) is null; that is: 


for each positive number e€, there is an integer N such that 
lan +bn| <£, foralln > N. (3) 


Let £ be a positive number. Since (an) and (bn) are null, there are integers 
Nı and No such that 


lan] < ge, foralln >N,, and |b,|<5e, for alln > Nə. 


®. We use de here in order to obtain € in statement (3). @ 


If N = max{ Nj, No}, then both the above inequalities hold for all n > N. 
Therefore, by the Triangle Inequality (which you met in Unit D1), 


lan + On| < |an| +|bn| < fe +ge=€, foralln >N. 
Thus statement (3) holds with this value of N. 


Next, we prove the Multiple Rule. We want to prove that the sequence 
(Aan) is null; that is: 


for each positive number e€, there is an integer N such that 
|Aan| <£, foralln >N. (4) 


If A = 0, this statement is obvious, so we can assume that A Æ 0. 


Let £ be a positive number. Since (an) is null, there is an integer N such 
that 


lan| <e/|A|, foraln >N. 
®. We use ¢/|\| here in order to obtain € in statement (4). & 
Multiplying both sides of this inequality by the positive number |A| gives 
[an| <£, foralln > WN. 


Thus statement (4) holds with this value of N. 


2 Null sequences 


81 


Unit D2 Sequences 


82 


Finally, we prove the Product Rule. We want to prove that the sequence 
(anbn) is null; that is: 


for each positive number e, there is an integer N such that 
lanbp| <£, for alln >N. (5) 


Let £ be a positive number. Since (an) and (bn) are null, there are integers 
Nı and Nə such that 


lan|< Ve, foralln >N, and |b,p|< Ve, for alln > No. 
®. We use y£ here in order to obtain € in statement (5). @& 


If N = max{ N1, No}, then both the above inequalities hold for all n > N, 
so if we multiply them we obtain 


lanbn| = |@n|lbn| < Veve =e, forall n >N. 
Thus statement (5) holds with this value of N. E 


Worked Exercise D23 


Use the Power and Combination Rules, and any sequences that you have 
already shown to be null, to show that the following sequences (a,,) are 
null. 


1 
(a) m= gat n=l Ze 


Exercise D28 


Use the Power and Combination Rules, and any sequences that you have 
already shown to be null, to show that the following sequences (an) are 
null. 


1 
(a) “= n= lye Ty oats 
7 
(b) On = =, n 1,2, 
(c) Gy (Ny Doss 


~ 3n4(2n — 11/3’ 


Our next rule, the Squeeze Rule, also enables us to ‘get new null sequences 
from old’ — but in a slightly different way. To illustrate this rule, we look 
first at the sequence diagrams of two sequences (an) and (bn) defined by 


N= 1, 2era 


We know that (bn) is a null sequence by the Power Rule, but what 
about (an)? 


A 


1 
1- o bn = -= 
n 
a 1 
ü= 
ö 1+ Jn 
e 7 9 o 
° s è 
1 2 3 4 5 6 7” 
Figure 8 Th e dia fo : and b b 
I r e É ayn = = an n = >= 
gu sequence diagrams i+ Ja T 


Figure 8 shows that the points corresponding to the sequence (an) are 
‘squeezed’ in between the horizontal axis and the points corresponding to 
the null sequence (bn), since 


1 1 


—, f Seas 
T+ aoga orn 525 


0< 


S 
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We express this in words by saying that the sequence (an) is dominated 
by the sequence (bn). Hence, if from some point onwards all the points 
corresponding to (bn) lie in a narrow horizontal strip in the sequence 
diagram from —< up to £, then (from the same point onwards) all the 
points corresponding to (an) will also lie in the same strip. So, since € may 
be any positive number, it certainly looks from this sequence diagram 
argument that (an) must be a null sequence too. 


Theorem D6 Squeeze Rule for null sequences 
If (bn) is a null sequence of non-negative terms, and 
[arlene tor m= ly Bss 


then (an) is null. 


Proof We want to prove that (an) is null; that is: 


for each positive number e, there is an integer N such that 
lan] <e, foralln >N. (6) 


Let £ be a positive number. Then since (bn) is null and its terms are 
non-negative, there is some integer N such that 


lby| =bn <£, foralln > N. 
We also know that |an| < bn, for n = 1,2,..., so it follows that 


lan|<e, foralln>N. 


Thus statement (6) holds with this value of N. a 


To show that a sequence is null using the Squeeze Rule, we use the 
following strategy. 


Strategy D6 


To use the Squeeze Rule to show that a sequence (an) is null, do the 
following. 


1. Guess a dominating null sequence (bn) with non-negative terms. 


2) Check that. ool] < Or tory — 1 Byss: 


The following worked exercise illustrates the use of the strategy. 


Worked Exercise D24 


Use the Squeeze Rule to show that the following sequences (an) are null. 


(a) an = BFI n = 1,2, 
2 cos(2n 
(b) an = x ) n = 1,2, 
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Solution 


(a) ©. To guess a suitable dominating sequence, we look at the 
formula for a, and try to spot a related null sequence whose 
terms have larger magnitude and are non-negative. Here, (1/n?) 
seems to be a likely candidate. © 


We guess that (an) is dominated by (bn), where 


n= 
To check this, we have to show that 
(—1)” 1 

n +1) n3’ 


This holds because 


i = 1,2, coax 


for m= Dee 


mw lm, for eH. 


We showed earlier that (bn) is null, so we can deduce that (an) is 
null, by the Squeeze Rule. 


(b) ©. In this case, we know that —1 < cos(2n) < 1 by the properties 
of the cosine function. This suggests that (2/n?) might be a 
suitable dominating sequence. © 


We guess that (an) is dominated by (bn), where 


2 
bn = 


= i S lyBococe 


To check this, we have to show that 


2 cos(2n) 2 2 


S= i m= hoes 
n 


Te 
This holds because 
leos <1, o m = 1255 <- 


We showed earlier that the sequence (1/n) is null, so it follows 
from the Power Rule and the Multiple Rule that (bn) is null. We 
deduce that (an) is null, by the Squeeze Rule. 


Exercise D29 


Use the Squeeze Rule to show that the following sequences (an) are null. 
1 


(a) a TETY a R 
—1)” 

(b) M. i n= ly Pico iss 
n! 
sin(n?) 

(c) an = pm’ n = 1,2, 
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2.3 Basic null sequences 


We now show that there are various basic types of sequences that are null. 
By applying the rules from the previous subsection to these ‘basic null 
sequences’, we can deduce the existence of many different null sequences 
without having to use the definition. 


It is important that you are familiar with these types of basic null 
sequences and are able to use them. Reading the proof that they are null 
may help you with this, but skim read it if you are short of time and 
return to it when time permits. 


Theorem D7 Basic null sequences 
The following sequences are null. 

(ay (iP). tor p = 0: 
(o) (e or le < i. 

lo ile”). ir o> Old 1. 
( c"/n!), for cE R. 

( 


me fm), ton p= 0. 


d) 


( 
( 
( 
e) ( 


Proof (a) To prove that (1/n?) is null for p > 0, we apply the Power 


Rule to the sequence (1/n), which we know is null. 


(b) To prove that (c”) is null for |c| < 1, first note that it is sufficient to 


consider only the case 0 < c < 1, because any sequence (an) is null if 
and only if the sequence (|a,,|) is null. 


If c = 0, then the sequence is obviously null. Thus we can assume that 
0 <c<1,so we can write 
O 1 
oo l+a 


, where a> 0. 


®., Expressing c in this way enables us to use the Binomial Theorem 
from Unit D1, which says that, for any x € R and n € N, 


(L+a)"=1l+na+ jn(n—1)a?+---+2". 
Here we put x = a, and since a is positive, so is every term on the 
right-hand side. & 
By the Binomial Theorem 
(l+a)">l+na>na, forn=1,2,..., 
so 
1 1 
c” = ———— < —, forn=1,2,.... 
(1+a)" ~ na 


Since (1/n) is null, we deduce that (1/(na)) is null, by the Multiple 
Rule. Hence (c”) is null, by the Squeeze Rule, as required. 


2 Null sequences 


(c) To prove that (n?c”) is null, for p > 0 and |c| < 1, we can again 
assume that 0 < c < 1, so 
o 1 
"E 
First we deal with the case p = 1; that is, we consider the 
sequence (nc”). 


where a > 0. 


®. We use the Binomial Theorem again, but this time include a 
further term in the expansion. © 


By the Binomial Theorem, 


(1 +a)” >1+na+t gn(n—1)a” > n(n—1)a*, forn=2,3,..., 


1 
2 
so 

n n n (2/a°) 


nme = < ———__. = —— _ for n = 2,3,.... 
(1+a)" T jn(n—-la2 n-1 


Now the sequence (an) defined by 


2 2 
an = aie ) WS Byer 
n—1 


is the same as the sequence defined by 
2 2 
SeNi paa 


n n ’ 
so (an) is null by the Multiple Rule. Hence (nc”) is null, by the 


Squeeze Rule. This proves part (c) in the case p = 1. 


ag 


To deduce that (n?c") is null for any p > 0 and 0 < c < 1, we note 
that 


wo= (na). fon] 2e 
where d = ct/P, 


®. Notice that the sequence (nd”) is in a form that enables us to 
apply part (c) in the case p = 1, which we have just proved. @ 


Since 0 < d < 1, we know that (nd”) is null, so (n?c") is null for any 
p > 0, by the Power Rule. 


(d) To prove that (c"/n!) is null, we can again assume that c > 0. We 
first choose an integer m such that m + 1 > c. Then, forn >m-+1, 


Gl Gea) gece 
(£)x£ 


where K = c'/m! is a constant. 


OO 
OO 


c 
=Kx-, 
n 


®@. Here we have used that fact that, since c < m + 1, it follows that 
c/d < 1 for any d> m+ 1. ® 


Since (1/n) is null, we deduce that (Kc/n) is null, by the Multiple 
Rule. Hence (c”/n!) is null, by the Squeeze Rule. 


87 


Unit D2 Sequences 


88 


(e) To prove that (n?/n!) is null for p > 0, we write 


p p gn 
4 =(=)( i; forn =1,2,...; 
n! Qn n! 


Since (n? /2”) is a null sequence, by part (c) with c = 1/2, and (2”/n!) 
is also null, by part (d) with c = 2, we deduce that (n?/n!) is null, by 
the Product Rule. E 


Exercise D30 


Verify that each of the following sequences (an) is a basic null sequence by 
identifying its type from those listed in Theorem D7, giving the values of c 
and/or p in each case. 


fa) ay = 09 w= 12a 


27” 

(b) n=? m =1;2; 
n! 
1 

(c) a= n=1,2, 
n 
27 

(d) an= —, n=1,2, 


3 Convergent sequences 


In the previous section we looked at null sequences, that is, sequences 
which converge to 0. We now turn our attention to sequences which 
converge to limits other than 0. 


3.1 What is a convergent sequence? 


The following exercise should help to give you some understanding of the 
behaviour of a sequence which has a limit that is not 0. 


Exercise D31 


Consider the sequence 


1 
pee a a Mb Ay Qo ees 
n 


(a) Draw the sequence diagram of (an) and describe (informally) how this 


sequence behaves. 


(b) What can you say (formally) about the behaviour of the sequence 


bn =Qn—1, n=1,2,...? 


The terms of the sequence (an) in Exercise D31 appear to approach 
arbitrarily close to 1; that is, the sequence (a,,) appears to converge to 1. 
If we subtract 1 from each term an to form the sequence (bn), then we 
obtain a null sequence. This example suggests the following definition of a 
convergent sequence. 


Definitions 


The sequence (an) is convergent with limit l if (an — L) is a null 
sequence. We say that (an) converges to l and we write 


either lim a, =I 
noo 


or Aan >l asn— oo. 


Remarks 


l; 


The statements in the definition are read as: 
‘the limit of an, as n tends to infinity, is l’; 


‘an tends to l, as n tends to infinity’. 


2. Often we omit ‘as n > œ’. 


3. Do not let this use of the symbol co tempt you to think that oo is a real 


number. Instead, you should remember that the phrase ‘a, tends to l, 
as n tends to infinity’ means that ‘as n gets larger and larger, a, gets 
closer and closer to |’. 


The following are examples of convergent sequences: 


e every null sequence converges to 0 


e every constant sequence (c) converges to c 


e as you saw in Exercise D31, the sequence (an) defined by 


n+l 
an = z z ES Wen 
n 


is convergent and lim a, = 1. 
n—-Ooo 
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Exercise D32 


Show that the sequence 


3 
n? +1 
an = m3? n=1,2,... 


converges to 4, by considering an — Z. 
2° 2 


The definition of convergence of a sequence is often given in the following 
equivalent (alternative) form, mirroring the definition of a null sequence 
given in the previous section. 


Definition (alternative) 
The sequence (an) converges to l if 


for each positive number e, there is an integer N such that 


la, —I]<e, foraln>N. 


Remarks 
1. In terms of the sequence diagram for (an), this definition states that: 


for each positive number €, the terms a, eventually lie inside the 
horizontal strip from l — £ to l+ €. 


This is illustrated in Figure 9. 


AnA 
l | EJ - e : q e 
l : z š e e 
l- ed z- e 
N n 


Figure 9 A sequence which converges to l 
2. If a sequence is convergent, then it has a unique limit. A proof of this 
seemingly obvious fact is given later in this section. 


3. If a given sequence converges to l, then this remains true if we add, 
delete or alter a finite number of terms. This follows from the 
corresponding result for null sequences. 


4. Not all sequences are convergent, as you will see in Section 4. For 
example, the sequence ((—1)") is not convergent. 
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3.2 Combination Rules for convergent 
sequences 


So far you have tested the convergence of a given sequence (an) by 
calculating an — l and showing that (an — l) is null. This presupposes that 
you know in advance the value of l. Usually, however, you are given a 
sequence (an) and asked to decide whether or not it converges and, if it 
does, to find its limit. Fortunately, the convergence of many sequences can 
be proved by using the following Combination Rules, which extend the 
Combination Rules for null sequences. 


Theorem D8 Combination Rules for convergent 
sequences 


int Wha G =U enol litem Op = tp, waver 
N—-0o TERO 
Sum Rule lim (an + bn) =l+m 


Multiple Rule (Aan) = Al, for AER 


lim 
Nn Co 


Product Rule hin Orme 
R= Oo: 


Quotient Rule lim (=) = 2 provided that m Æ 0. 


’ 
m 


In applications of the Quotient Rule, some terms bn can take the value 0, in 
which case a,,/by is not defined. However, we shall see (in Lemma D9) that 
because m # 0 this occurs for only finitely many bn, so (bn) is eventually 
non-zero. Thus the statement of the Quotient Rule does make sense. 


We prove the Combination Rules at the end of this subsection, but first we 
illustrate how to apply them. When using these rules, there is no need for 
you to identify which particular rule you are using: you can refer simply to 
the Combination Rules. 


Applying the Combination Rules 


It is straightforward to apply the Combination Rules to simple sums, 
multiples, products or quotients of sequences that you already know are 
convergent. For example, since you know that (1/n?) is a basic null 
sequence, and that the constant sequence (c) has limit c, you can deduce 
from the Sum Rule that 


1 
lim (c+ =) =c+0=c, 
noo n 


and from the Quotient Rule that 
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However, the real power of the Combination Rules is that they enable us 
to determine the limits of some more complicated sequences, whose nth 
term is given by a quotient that at first sight may not seem to involve 
convergent sequences. This is illustrated in the next worked exercise. 


Worked Exercise D25 


Show that each of the following sequences (an) is convergent and find its 
limit. 
(2n + 1)(n + 2) 


(a) m= oer le 
2n? + 10” 
(b) w= ane? =1,2,. 
Solution 


®. Although the expressions for an are quotients, we cannot apply the 
Quotient Rule immediately because the sequences defined by the 
numerators and the denominators are not convergent. In each case, 
however, we can rearrange the expressions for a, and then apply the 
Combination Rules. ® 


(a) Dividing both the numerator and the denominator by n? gives 


(2n + 1)(n + 2) (2+ 1/n)(1 + 2/n) 


$ 3n? + 3n 3+3/n 
Since (1/n) is a basic null sequence, we find, by the Combination 
Rules, that 
2+0)(1+0 2 
tee Cate Eee Oe 


n—>oo0 3+0 3 
(b) Dividing both the numerator and the denominator by n! gives 
— 2n? +10" _ 2n?/n!+10°/n! 
™  nl+3n3 Ee 


Since (n?/n!), (10"/n!) and (n?/n!) are all basic null sequences, 
we find, by the Combination Rules, that (an) is convergent and 


In Worked Exercise D25 the key step in determining the limit of a given 
sequence was to rearrange the expression for an in a way that enabled us 
to apply the Combination Rules. To explain how this is done, we need the 
following definition. 


Definition 
The dominant term of a quotient involving the variable n, where 


n=1,2,..., is the term in n (without its coefficient) which eventually 
has the largest absolute value. 


As a simple example, consider the quotient 
n? +1 
2n3 ’ 
which is the formula for the nth term of the sequence you met in 
Exercise D32. In this quotient there are two terms in n, namely n? and 


2n°. To find the dominant term we exclude the coefficients, so both terms 
reduce to n?; hence, n? is the dominant term in this quotient. 


m= Ay yen, 


The method used to rearrange the expressions for an in Worked 

Exercise D25 was to divide both the numerator and the denominator by 
the dominant term of the quotient. Doing this converts the quotient into a 
form where the Combination Rules can be applied. 


e In part (a) the dominant term is n?, which is the highest power of n in 
the quotient. We then used the fact that (1/n) is a null sequence to find 
the limit of (an) using the Combination Rules. 


e In part (b) the dominant term is n!, because n! eventually becomes 
larger than n?, n3 and 10” as n increases. We then used the fact that 
(n?/n!), (10"/n!) and (n?/n!) are all basic null sequences to find the 
limit of (an) using the Combination Rules. 


These examples illustrate the following general strategy, where the list of 
dominant terms follows from the list of basic null sequences. 


Strategy D7 


To evaluate the limit of a sequence whose nth term is a complicated 
quotient, do the following. 


1. Identify the dominant term, noting that 
n! dominates c”, 
and, for |c| > 1 and p > 0, 
c” dominates n”. 


2. Divide both numerator and denominator by the dominant term. 


3. Apply the Combination Rules. 
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Exercise D33 


Show that each of the following sequences (an) is convergent and find its 
limit. 


3 2 
n? + 2n* +3 
(a) is ae ae mE ne are 
2 n 
n° +2 
(b) an = gn F n?’ T= Ly Dees 


Hint: You can use the fact that (2”/3”) is a basic null sequence, 
because 2” /3" = (2/3)", for n = 1,2,.... 


n! + (-1)" 
(c) an er mE ee 


Proofs of the Combination Rules 


We now prove the Sum Rule, the Multiple Rule and the Product Rule by 
using the corresponding Combination Rules for null sequences. 


Remember that liMmn—oo an =l means that (an — L) is a null sequence. 


Sum Rule for convergent sequences 
If lim a, = and lim b, =m, then 
n— o0 n— o0 
lim (an + bp) = l+ m. 
n— oo 
Proof We know that (an — l) and (bn — m) are null sequences. Since 
(an + bn) — (l+ m) = (an — 1) + (bn — m), 


we deduce that ((an + bn) — (l+ m)) is null, by the Sum Rule for null 
sequences. E 


We now prove the Product Rule. The Multiple Rule is a special case of the 
Product Rule in which the sequence (bn) is a constant sequence. 


Product Rule for convergent sequences 
If lim a, = and lim b, =m, then 
ROS T700 
jim (anbn) = (lij 
Proof Here we express a,b, — Im in terms of an — l and bn — m: 
anbn — lm = (an — l) (bn — Mm) + Man — 1) + lbn — m). 


Since (an — l) and (bn — m) are null, we deduce that (anbn — lm) is null, 
by the Combination Rules for null sequences. E 


To prove the Quotient Rule we use the following lemma, which shows that 
if the limit of a sequence is positive, then the terms of the sequence must 
eventually be positive. 


Lemma D9 


If lim a, = l and l > 0, then there is an integer N such that 
n—> o0 


On > zl, for alln > N. 


Proof By taking £ = zl in the alternative definition of convergence from 
Subsection 3.1, we see that there is an integer N such that 


lan = l| < $l, forall n>N. 


This is illustrated in Figure 10. 


AnA 
e e 
3 © ° 
ah 3 š T 
i e 2 e 
2°] e 
N n 


Figure 10 ‘The sequence diagram for (an) 


Hence 
—5l <an—l< sl, for all n > N, 
and the left-hand inequality gives 


5l <an, foraln >N, 


as required. E 


We now prove the Quotient Rule, which completes the proof of 
Theorem D8. 


Quotient Rule for convergent sequences 


If lim an = and lim On = mo, then 
7 OS m00 


lim (=) = L provided that m Æ 0. 


Proof We give the proof for m > 0; the proof for the case m < 0 is 
similar. Once again the idea is to write the required expression in terms of 
an — l and bn — m: 


l 
m bnm 


3 Convergent sequences 


95 


Unit D2 Sequences 


Figure 11 ‘The Squeeze Rule 


96 


> 


Now, however, there is a slight problem: (m(an — l) — l(bn —m)) is certainly 
a null sequence, but the denominator bpm is rather awkward. Some of the 
terms bn can take the value 0, in which case the expression is undefined. 


However, by Lemma D9, we know that for some integer N we have 
bn > $m, for all n > N, 


so the terms of (bn) are eventually positive. Thus, for all n > N, 


an — l| _ |m(an — 1) — bn - m)| 
b, mi bnm 
[mlan = 1) = Ilon =m) 
me 
Since the right-hand side defines a null sequence, it follows, by the Squeeze 
| 
Rule for null sequences, that (= — 2) is null, as required. E 


3.3 Further rules for convergent sequences 


There are several other theorems about convergent sequences, which are 
needed in later units. The first is a general version of the Squeeze Rule, 
illustrated in Figure 11. 


Theorem D10 Squeeze Rule for convergent sequences 
If (an), (bn) and (cn) are sequences such that 
l Op S Ou S Cr Or m= l 2ysoc 
DY, n o = lin e = h 
n00 n= 


then lim a, = l. 
n—> oo 


Proof By the Combination Rules, 
lim (Cn — bn) =1—1=0, 
n—> o0 
SO (Cn — bp) is a null sequence. Also, by condition 1 in the statement of the 
theorem, 


0 <an —bn < cn — bn, forn=1,2,..., 
so (an — bn) is null, by the Squeeze Rule for null sequences. 
Now we write an in the form 

an = (an — bn) + bn- 
Then, by the Combination Rules, 


Jim an = lim (an — bn) + lim bn =0+1=1. a 


Note that in applications of the Squeeze Rule, it is sufficient to check that 
condition 1 eventually holds. This is because the values of a finite number 
of terms do not affect convergence. 


The following worked exercise and exercise illustrate the use of the Squeeze 
Rule and the Binomial Theorem in the derivation of two important limits. 


Worked Exercise D26 


(a) Prove that, if c > 0, then 
(1te)/™<14, forn =1,2,.... 
n 


(b) Use the Squeeze Rule to deduce that if a > 0, then 
lim a” = 1, 
Noo 
Solution 


(a) ©. We proved this inequality for the case c = 1 in 
Worked Exercise D13 of Unit D1. ® 


Using Rule 5 for rearranging inequalities with p = n, we obtain 
1/n E C n 
ee? pe ee (1+ =) 
n 
The right-hand inequality holds because 
n 
(1+2) 214a ($) =1+6, 
n n 
by the Binomial Theorem, so the left-hand inequality also holds. 
(b) We consider the cases a > 1, a = 1 and 0 < a < 1 separately. 


If a > 1, then we can write a = 1 + c, where c > 0. 


®. In this application of the Squeeze Rule we take the ‘lower’ 
sequence to be the constant sequence whose terms are all equal 
tol. & 


By part (a), 
tea" = (ey ae = form = lla eres 
n 


Since (1/n) is a basic null sequence, it follows from the 
Combination Rules that lim (1 + <) = 1. We deduce, by the 
n—0o n 

Squeeze Rule, that 


lim a!” = 1, 
(VU Ae.S} 


If a = 1, then a!/”" = 1, for n = 1,2,..., so 


lim a” =1. 
n700 
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Exercise D34 


(a) Prove that 


2 
eS for n > 2. 
no 


Hint: By the Binomial Theorem, we have 
n(n — 1) 
2! 

(b) Use the Squeeze Rule to deduce from part (a) that 


(+r) > r, forn>2,2>0. 


lim n!” =1. 
Noo 


Next we show that taking limits preserves weak inequalities. 


Theorem D11 Limit Inequality Rule 
If lim a, =/ and lim 6, =m, and also 
n—> o0 n— o0 
Om, SDa t m= NY wang 


then 1 < m. 


Proof We use proof by contradiction. Suppose that an — 1, bn > m and 
an < bn, for n = 1,2,.... Ifl >m, then, by the Combination Rules, 


lim (an — bn) =l- m > 0. 
n—> o0 


Hence, by Lemma D9, there is an integer N such that 
an — bn > 5(I —m), foraln >N. 


Since an — bn < 0, for n = 1,2,..., statement (7) gives a contradiction. 


Hence the inequality l < m is true. 


We have the following corollary, promised earlier, that a convergent 


sequence has a unique limit. 


Corollary D12 


Ib? litem @, == (/ suave! i Cy == gen, een f = fi. 
n—> oo n— oo 


Proof Applying the Limit Inequality Rule with b, = an, we deduce that 
l< m and also that m < l. Hence l = m. E 


Note that taking limits does not preserve strict inequalities. For example, 
ifan = l/m n= 12, Bnd by = 2/m = 12 then 
Qn < bn, forn=1,2,.... 
But it is not true that lim a, < lim bn, since both limits are 0; this is 
NM Co Noo 
illustrated in Figure 12. 


In Subsection 2.1, we pointed out that a sequence (an) is null if and only if 
the sequence (|a,,|) is null. The final theorem in this section is a partial 
generalisation of this result. 


Theorem D13 


ie ia op tien ia ael = W 
n—> o0 n—> o0 


Proof We want to show that (|an|— |I|) is null. Using the backwards 
form of the Triangle Inequality, which you met in Unit D1, we obtain 


|jan|- |U < lan = l|, forn=1,2,.... 
Since (an — l) is null, so is (|an — l|), and we deduce from the Squeeze Rule 


for null sequences that (|a,,| — |/|) is null, as required. a 


Note that Theorem D13 is only a partial generalisation of the earlier result 
about null sequences because its converse is false: if |a,,| — |l], then it does 
not follow that a, — l. For example, consider the sequence an = (—1)", 
n=1,2,...; in this case, 


|an| + las n > œ, 


but (an) does not converge. 


4 Divergent sequences 


In previous sections you have seen many examples of sequences that are 
convergent. We now investigate the behaviour of sequences which do not 
converge. 


4 Divergent sequences 


ot eby = 2n 
D te On = lin 
de 
j e : o Öt 
. e- 
123465 6% 


Figure 12 Two sequences 
with the same limit 
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4.1 What is a divergent sequence? 


Any sequence that does not converge is said to be divergent. 


Definition 


A sequence is divergent if it is not convergent. 


Figure 13 gives the sequence diagrams for three different sequences (an). 
Each of these sequences is divergent but, as you can see, they behave 
differently. 


AnA AnA AnA 
14 e e e 124 e 64 ° 
an = (—1)” ° ean = (-1)"n 
e e 
T T T T T T T e an = 2N T T T T T T n 
123456 : 223456 
—lj e e e ne o re 64 j 
12 3-456” 


Figure 13 Three divergent sequences 


It is not easy to prove from the definition that these sequences are 
divergent. To show that a sequence (an) is divergent, we would have to 
show that (an) is not convergent; that is, for every real number l, the 
sequence (an — l) is not null. 


In this section we obtain criteria for divergence which avoid us having to 
argue directly from the definition. At the end of the section we give a 
strategy for proving divergence using two criteria, which together cover all 
cases. We obtain these criteria by establishing certain properties which are 
necessarily possessed by a convergent sequence; if a sequence does not have 
one of these properties, then it must be divergent. 


4.2 Bounded and unbounded sequences 


One property possessed by a convergent sequence is that it must be 
bounded, as we will show. 


Definitions 


A sequence (an) is bounded if there is a number M such that 
lal SGU oe m = Iy Decan 


A sequence is unbounded if it is not bounded. 


Thus a sequence (an) is bounded if all the terms an lie on the sequence 
diagram in the horizontal strip from —M to M, for some positive 
number M; see Figure 14. 


AnA 


Figure 14 A bounded sequence 
For example, the sequence ((—1)”) is bounded because 
((—1)"| <1, forn =1,2,.... 


However, the sequences (2n) and (n?) are unbounded since, for each 
positive number M, we can find terms of these sequences whose absolute 
values are greater than M. 


Exercise D35 


Classify the following sequences (an) as bounded or unbounded. 


(a) an =1+(-1)", n=1,2,... 
(b) an= (-1)"n;, w= 1,254.4 
2 1 
(c) a= Adi gS re 
n 


The sequence ((—1)”) shows that a bounded sequence is not necessarily 
convergent. However, we can prove that a convergent sequence is 
necessarily bounded. This is illustrated in Figure 15. 


Theorem D14 


If (an) is convergent, then (an) is bounded. 


Proof We know that an — l, for some real number l, so (a, — L) is a null 
sequence. Taking £ = 1 in the definition of a null sequence, we see that 
there is an integer N such that 


lan —l] <1, foralln>N. 
Now 
Jan] = |(an — 1) + t| 
< |an — 1| + |l], by the Triangle Inequality. 


It follows that 


lan] <<1+4+l|, foralln >N. 
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bounded 


convergent 


convergent = > bounded 


Figure 15 Convergent and 
bounded sequences 
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unbounded => divergent 


Figure 16 Unbounded and 
divergent sequences 
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This is the type of inequality needed to prove that (an) is bounded, but it 
does not include the terms a1, ag,...,ay. To complete the proof, we put 


M = max {|aj|, |aa|,..-,|an|, 1+ Il}. 
It then follows that 
lanl <M; form= 1,2; 
as required. | 


From Theorem D14 we obtain the following test for the divergence of a 
sequence, which is illustrated in Figure 16. 


Corollary D15 


If (an) is unbounded, then (an) is divergent. 


For example, the sequences (2n) and ((—1)"n) are both unbounded, so 
they are both divergent, by Corollary D15. 


Exercise D36 


Classify the following sequences (an) as bounded or unbounded and as 
convergent or divergent. 


(a) an= ym, WH 1, 2525 

2 

ni +n 
(b) an = FT mE De sac 
(c) an= (1) n?, =H 1 Bocce 


(d) an =n", n=1,2,... 


4.3 Sequences tending to infinity 


Although the sequences (2n) and ((—1)”n) are both unbounded and hence 
divergent, there is a marked difference in their behaviour. Informally, the 
terms of both sequences become arbitrarily large, but those of the 
sequence (2n) become arbitrarily large and positive. The following 
definition makes this informal idea precise. 


Definition 


The sequence (an) tends to infinity if 


for each positive number M, there is an integer N such that 


Cra > IML, oe alil > IN. 
In this case, we write 


An > œ asn—- oœ. 


Remarks 


1. Often we omit ‘as n > oo’ and simply write an — oo. 


2. In terms of the sequence diagram for (an), this definition states that, for 
each positive number M, the terms an eventually lie above the 
horizontal line at height M; see Figure 17. 


AnA 


Figure 17 A sequence tending to infinity 


SY 


3. If a sequence tends to infinity, then it is unbounded and hence 


divergent, by Corollary D15. 


4. If a given sequence tends to infinity, then this remains true if we add, 
delete or alter a finite number of terms. 


The next rule enables us to use our knowledge of null sequences to identify 


sequences which tend to infinity. 


Theorem D16 Reciprocal Rule for sequences 


If the sequence (a,,) satisfies the conditions 


1. (an) is eventually positive 
2. (1/an) is a null sequence 


then an — oo. 


4 Divergent sequences 


103 


Unit D2 Sequences 


104 


Proof To prove that an, — oo, we have to show that: 
for each positive number M, there is an integer N such that 
dn > M, foralln>N. 


Let M be a positive number. Since (an) is eventually positive, we can 
choose an integer Ny, such that 


an >0, for alln > Nj. 
Since (1/a,) is null, we can take € = 1/M in the definition of a null 
sequence and choose an integer N2 such that 
il 


an 


Now let N = max{ N1, No}; then 


1 
< vi for all n > Nə. 


1 1 
0< — < —, foraln>N. 
wo rall n 
This statement is equivalent to statement (8), so an — oo. 


The next worked exercise illustrates the use of the Reciprocal Rule. 


Worked Exercise D27 


(8) 


Use the Reciprocal Rule to prove that the following sequences (an) tend to 


infinity. 


(a) an= n2; m= 1 Doses 
(b) an=n!+10”, n=1,2,... 


(c) an= n) 10". = 22 


il Il 
®. Alternatively, you could argue that, since ————— < —, the 
ni! +10" ~ n! 


sequence ( ) is null by the Squeeze Rule for null 


n! + 10” 
sequences. .@ 
It follows that an — oo, by the Reciprocal Rule. 


(c) ®&. The first few terms of this sequence are not positive but we 
can show that (an) is eventually positive. & 


The dominant term is n!, so we first write 

m= IO NO a = y Byen 
Since (10”/n!) is a basic null sequence, we know that 10” /n! is 
eventually less than 1, so (n! — 10”) is eventually positive. 


Next we write 
1 1 1/n! 
an nl—=10  1-10/nl` 
Now, (1/n!) and (10”/n!) are basic null sequences. Thus, by the 
Combination Rules, 
1 0 


Hence an — œ, by the Reciprocal Rule. 


There are also versions of the Combination Rules and Squeeze Rule for 
sequences which tend to infinity. We state these without proof. Recall 
that Rt is the set of positive real numbers; that is, Rt = {x : x > 0}. 


Theorem D17 Combination Rules for sequences which 
tend to infinity 
If (an) tends to infinity and (bn) tends to infinity, then 


Sum Rule (an + bn) tends to infinity 
Multiple Rule (Aan) tends to infinity, for A € Rt 
Product Rule (aņbn) tends to infinity. 


Theorem D18 Squeeze Rule for sequences which tend to 
infinity 
If (bn) tends to infinity and 


Oi 2 Wr wor m= 1, oo05 


then (an) tends to infinity. 
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sequences 


EEEE 


Figure 19 The sequence 


an = ((-1)") 
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Exercise D37 


For each of the following sequences (an), prove that an — oo. 


(a) an= 2m m= 2ra: 

(b) an=- n?, n=l, 2: 
(c) an =2"/n+5n®, n=1,2,... 
(d) m E m= l 2s 


We can also define what it means for a sequence (an) to tend to minus 
infinity. (Note that, in some texts, the symbol +00 is used for sequences 
that tend to oo, in order to have symmetry with the symbol —oo.) 


Definition 

The sequence (an) tends to minus infinity if 
Sly => CS OS = CS. 

We write 


An > —œ as n —> oo. 


For example, the sequence (—n?) tends to minus infinity because (n?) 
tends to infinity. Sequences which tend to minus infinity are unbounded 
and hence divergent. However, the sequence ((—1)”"n) shows that an 
unbounded sequence need not tend to either infinity or to minus infinity; 
see Figure 18. 


4.4 Subsequences 


In this subsection we give two more criteria for establishing that a 
sequence diverges; both involve the idea of a subsequence. For example, 
consider the bounded divergent sequence ((—1)"). This sequence splits 
naturally into two: 


the even terms ag, d4,...,@2z,..., each of which equals 1 


the odd terms a1, @3,...,@2k—1,---, each of which equals —1. 


Both of these are sequences in their own right, and we call them the even 
subsequence (a2;) and the odd subsequence (a24_). This is 
illustrated in Figure 19. 


In general, given a sequence (an), we can consider many different 
subsequences, such as: 

(azk), comprising the terms a3, a6, d9,... 

(d4z41), Comprising the terms a5, a9, @13,... 


(akı), comprising the terms a1, a2, a¢6,.... 


We assume that k takes the values from 1 to oo unless specified otherwise. 


Definition 


The sequence (Gn, ) is a subsequence of the sequence (an) if (ng) is a 
strictly increasing sequence of positive integers; that is, 


Mi <M < ma Kee. 


The subsequence (ap, ) of the sequence (an) has terms 


Qn i; 4n2,4n35+++> 


and is often specified by a formula giving nz in terms of k. For example, 
the subsequence (an, ) = (@5~42) corresponds to those terms from (an) 
whose subscripts are given by positive integers 


ng =5k +2, k=1,2,.... 
Thus the first term of (ask+2) is a7, the second is a12, and so on. 


Note that if (ng) is any strictly increasing sequence of positive integers, 
then nz > k, for k = 1,2,..., song > cask > oo. 


Exercise D38 


(a) Let a, = n?, n=1,2,.... Write down the first five terms of each of 
the subsequences (ap, ), where: 


(i) np=2k (ï) np =4k-1 (iii) ny = k?. 
(b) Write down the first three terms of the odd and even subsequences of 
the sequence (an) defined by 


an = nD", m= 2n 


Next we show that certain properties of sequences are inherited by their 
subsequences. 


Theorem D19 
For any subsequence (an,) of a sequence (an): 
(a) ifan > las n— oo, then an, > l as k > œo 


(b) if an > co as n —> oo, then an, > œ as k > oo. 


Proof We prove only part (a); the proof of part (b) is similar. We want 
to show that 


for each positive number e€, there is a positive integer K such that 
lan, -l| <£, forall k> K. (9) 
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Let £ be a positive number. Since (an — l) is null, we know that there is a 
positive integer N such that 


lan —I|<e, foraln >N. 
If we take K so large that ng > N, then 
nk >ng > N, foralk> kK. 


Hence statement (9) holds for this value of K, as required. a 


The following criteria for establishing that a sequence is divergent are 
immediate consequences of Theorem D19(a). 


Corollary D20 Subsequence Rules 


First Subsequence Rule The sequence (an) is divergent if (an) 
has two convergent subsequences with different limits. 


Second Subsequence Rule The sequence (an) is divergent if (an) 
has a subsequence which tends to infinity or a subsequence 
which tends to minus infinity. 


We can now formulate a general strategy for showing that a sequence is 
divergent, as promised at the beginning of this section. 


Strategy D8 
To prove that the sequence (an) is divergent, either: 


e show that (an) has two convergent subsequences with different 
limits, or 


e show that (an) has a subsequence which tends to infinity or a 
subsequence which tends to minus infinity. 


For example, the sequence ((—1)”) has two convergent subsequences which 
have different limits, namely, the even subsequence with limit 1 and the 
odd subsequence with limit —1. So the sequence ((—1)"”) is divergent, by 
the First Subsequence Rule. 


On the other hand, the sequence (nD) has a subsequence (the even 
subsequence) which tends to infinity since, if n = 2k, then n)” = 2k. 
So (nD) is divergent, by the Second Subsequence Rule. 


To apply Strategy D8 successfully, you need to be able to recognise 
convergent subsequences with different limits, or a subsequence (which 
may be the whole sequence) which tends to infinity or to minus infinity. It 
is not always easy to do this, and some experimentation may be required. 
If the formula for an involves the expression (—1)”, it is a good idea to 
consider the odd and even subsequences, although this may not always 
work. It may be helpful to calculate the values of the first few terms in 
order to try to identify suitable subsequences. 


Exercise D39 


Use Strategy D8 to prove that each of the following sequences (an) is 
divergent. Remember that |x| denotes the integer part of x. 


(c) an =nsin (inr), n=1,2,... 


We end this section by giving a result about subsequences which will be 
needed in later analysis units. 


We say that a sequence (an) consists of two subsequences (am,) and (an, ) 
when every term of the sequence appears in one or other of the 
subsequences. For example, every sequence (an) consists of its even 
subsequence (az) and its odd subsequence (a2, ). The next theorem tells 
us that, in these circumstances, if the two subsequences tend to the same 
limit, then so does the whole sequence. 


Theorem D21 


Let (an) consist of two subsequences (am,) and (an,), which both 
tend to the same limit l. Then 


hin Gp, = Ul. 
n—> CO 


Proof We want to show that 


for each £e > 0, there is an integer N such that 
lan —i]<e, foralln >N. (10) 


Let £ be a positive number. We know that there are integers Kı and Ko 
such that 


lam, — l| <€, forall k> Kı, 
and 

lan, — l| <£, forall k > Kə. 
Now let 

N = max{mx,, kz}. 


Since each n > N is either of the form mg, with k > Ky, or of the form nz, 
with k > Kə, we deduce that statement (10) holds with this value of N. E 
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Figure 20 An increasing 


sequence that is bounded 
above and a decreasing 
sequence that is bounded 
below 
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5 Monotone Convergence Theorem 


In this section you will see a proof of the Monotone Convergence Theorem, 
which states that any increasing sequence which is bounded above must be 
convergent. 


We illustrate the theorem with particular sequences that converge to 7 and 
to e. These applications of the Monotone Convergence Theorem are not 
assessed, but you should make sure that you have a good understanding of 
the statement of the theorem as we will use it in later analysis units. 


5.1 Convergence of monotonic sequences 


In Section 3 you met various techniques for finding the limit of a 
convergent sequence. As a result, you may be under the impression that, if 
we know that a sequence converges, then we can always find its limit. 
However, it is sometimes possible to prove that a sequence is convergent 
without being able to find its limit. 


For example, this situation can occur with a given sequence (an) with the 
following two properties: 


1. (an) is an increasing sequence 
2. (an) is bounded above; that is, there is a real number M such that 
üa < M; forn=1,2,.... 


We will prove that such a sequence must be convergent. Likewise, if (an) is 
a sequence which is decreasing and bounded below, then (an) must be 
convergent. These ideas are illustrated in Figure 20. 


The next theorem combines these results. 


Theorem D22 Monotone Convergence Theorem 
If the sequence (an) is either 

e increasing and bounded above, or 

e decreasing and bounded below, 


then (an) is convergent. 


Proof We prove only that (an) is convergent if it is increasing and 
bounded above; the proof where (an) is decreasing and bounded below is 
similar. 


Since (an) is bounded above, the set {an : n = 1,2,...} has a least upper 
bound, l say. 


®. This follows from the Least Upper Bound Property of R, which you 
met in Subsection 4.3 of Unit D1. The sequence (an) is illustrated in 
Figure 21. @ 


5 Monotone Convergence Theorem 


We now prove that 


lim a, = l. 

n—-Ooo 
We want to show that anA 

for each £e > 0, there is an integer N such that Ite - 
lan =- l| <£, foraln >N. (11) i 
e ° 
Let £ be a positive number. Since / is the least upper bound of the set i ee 
{an :n=1,2,...}, there is an integer N such that | a : 
e 

an >l—eE. N m 
®. If this were not true, then 1 — £ would be an upper bound of the set Figure 21 An increasing 
{an : n= 1,2,...}, contradicting the fact that l is the least upper sequence with least. upper 
bound. & bound l 


Because (an) is increasing, we have a, > ay for n > N, so 
an >l—e, foralln>N. 

But then, since an < l for all n, it follows that 
lan- l| =l-—a,<e, foralln>N, 


which proves statement (11). Hence (an) converges to l. E 


The Monotone Convergence Theorem tells us that a sequence such as 
(1 — 1/n), which is increasing and bounded above (by 1, for example), 
must be convergent. In this case, of course, we already know that 

(1 — 1/n) is convergent with limit 1, without using the Monotone 
Convergence Theorem. 


The Monotone Convergence Theorem is most useful when we suspect that 
a sequence is convergent, but we cannot find the limit directly. It can also 
be used to give precise definitions of numbers, such as 7, about which we 
have only an informal idea, as you will see in the next subsection. 


For completeness, we point out that if (an) is increasing but is not 
bounded above, then an — oo. For if (an) is not bounded above then, for 
any real number M, we can find an integer N such that ay > M. Since 
(an) is increasing, we have a, > ay for n > N, so 


an> M, foralln>N. 
Hence an —> œ as n + œ. 
Similarly, if (an) is decreasing but is not bounded below, then an — —oo. 


We now summarise all these results about monotonic sequences. 


Theorem D23 Monotonic Sequence Theorem 


If the sequence (an) is monotonic, then either (an) is convergent or 
Cha =e SECS), 
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Exercise D40 


Prove that if the sequence (an) is increasing and has a subsequence (an, ) 
which is convergent, then (an) is convergent. 


5.2 The number 7 


The rest of this section is not assessed but is included for your interest. 


One of the oldest mathematical problems is to determine the area and the 
length of the perimeter of a disc of radius r. It is well known that these 
quantities are given by the formulas mr? and 27r, respectively. But what 
exactly is 7? 


We define m by giving a precise definition of the area of a disc of radius 1. 
Our definition is based on a method used by Archimedes to approximate a 
circle of radius 1 by regular polygons circumscribed and inscribed in the 
circle. 


Archimedes (c.287—c.212 BCE) of Syracuse was one of the greatest 
scientists of classical antiquity. Although many details of his life have 
survived, they are largely anecdotal and should be treated with 
caution. He had an interest in many areas of mathematics: geometry, 
arithmetic, astronomy, mechanics, statics (levers and centres of 
gravity), and hydrostatics (bodies floating in water). In particular, he 
anticipated modern calculus and analysis by applying the Eudoxean 
method of exhaustion to derive and rigorously prove a range of 
geometrical results including the area of a circle, the surface area and 
volume of a sphere and the area under a parabola. He is also credited 
with the design of many mechanical inventions including several war 
machines for use against the Roman armies laying siege to Syracuse. 


What is especially noticeable about Archimedes, by comparison with 
many earlier mathematicians, is the way he combined pure 
geometrical analysis, and the mechanical or practical: his work on the 
lever is purely geometrical, whereas his astronomical book On 
Sphere-making (now lost) was about constructing a planetarium that 
modelled the motions of heavenly bodies. Indeed, his reputation in 
the centuries after his death was more as a maker of mechanical 
marvels than as a geometer. 


Archimedes established bounds for the value of m by taking a circle of 
radius 1 and considering the perimeters of circumscribed and inscribed 
polygons, starting with a regular hexagon (6 sides) and progressively 
doubling the number of sides so as to get regular polygons of 12, 24, 
48 and 96 sides, becoming ever closer to the circle. Using this method 
he calculated the value of m to lie between 320 and 34. 


5 Monotone Convergence Theorem 


Here we will use the areas of the polygons used by Archimedes instead of 
their perimeters, but the details are similar. The areas of the inscribed 
polygons give a lower estimate for the area of the disc and hence for 7. By 
doubling the number of sides of the polygon, we improve the estimate. The 
areas of the polygons can be calculated quite simply, as illustrated in 


Figure 22. 
$ sin(7/3) 5 sin(7/6) 
6 sides 12 sides 
area = 6 x $ sin(7/3) area = 12 x $sin(m/6) 
=6x 4Vv3 =12%4 
x 2.598 =3 


Figure 22 The area of regular inner polygons 


Let s» denote the number of sides of the nth such inner polygon, so sı = 6, 
s2 = 12 and, in general, sn = 3 x 2”. The nth inner polygon consists of 

Sn isosceles triangles, each with two equal sides of length 1 that meet at an 
angle 27/s,. Thus the total area an of the polygon is given by 


an = sn SinN(2T/Sn), for n= 1,2,.... (12) 


For example (to 3 d.p.) we have 


ay = 2.598, ag = 3, ceey C6 = 3.141. 


Geometrically, it is clear that each time we double the number of sides of 
the inner polygon, the area increases, so 


ay < a2 < a3 << +++ An < nA 


Hence the sequence (an) is (strictly) increasing. v 


Note that each of the polygons lies inside a square of side 2, which has Figure 23 A circle inscribed 
area 4; see Figure 23. This implies that in a square 


an SA, forn=1,2,.... 
Thus the sequence (an) is bounded above by 4. 


Hence, by the Monotone Convergence Theorem, the sequence (an) is 
convergent, with limit at most 4. Our intuitive idea of the area of the disc 
suggests that it is greater than each of the areas an, but ‘only just’. We 
know that the area of the circle in which the polygons are inscribed is equal 
to 7, since it has radius 1. This leads us to make the following definition. 
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Definition 


1 


T= lim y= 55n Sin(27/sn), 


lim 
n—-oo N—- oo 


WMS Sp, = eV". 


We will explain in a moment how to calculate the terms a, without 
assuming a value for 7. 


First, however, we describe how to estimate the area of the disc using 
outer polygons. These give an upper estimate for 7. Once again we start 
with a regular hexagon and repeatedly double the number of sides. The 
method of calculating the areas of these polygons is illustrated in Figure 24 
and the explanation is given below. 


tan(7/6) tan(a/12) 
6 sides 12 sides 
area = 6 tan(7/6) area = 12 tan(7/12) 
=6x 1/Vv3 = 12(2 — V3) 
= 3.464 x 3.215 


Figure 24 ‘The area of regular outer polygons 


Let sn denote the number of sides of the nth outer polygon. As before, 
Sn = 3 x 2”, for n =1,2,.... Also let bn denote the area of the nth outer 
polygon. This nth outer polygon consists of sn isosceles triangles, each of 
height 1 and base 2 tan(7/s,,). Thus 


bn = sn tama s_), n= 1,2, (13) 
For example (to 3 d.p.) we have 
bi = 3.464, b= 3.215,  ..., bg = 3.142. 


Geometrically, it is clear that each time we double the number of sides of 
the outer polygon, the area decreases, so 


by > b2 > bg > +++ > bn > dng >: 


Hence the sequence (bn) is (strictly) decreasing and bounded below (by 0, 
for example). Thus, by the Monotone Convergence Theorem, (bn) is also 
convergent. Intuitively, we expect that (bn) has the same limit as (an), 
which we have defined to be 7. But how can we prove this? 


5 Monotone Convergence Theorem 


It is a remarkable fact that the terms a, and bn can be calculated by using 
the following equations, known as the Archimedean algorithm: 


Qnti = Vanbn, M= 2,20.,5 (14) 
2an+15n, 

b = ——, = Ie ere 15 

ie An+1 + bn ( ) 


These equations for calculating a, and bn can be deduced from 
equations (12) and (13) by using trigonometric identities, though we do 
not prove this here. 


Starting with a, = 3v3 = 2.598... and bı = 2V3 = 3.464... , we can use 
these equations iteratively to calculate first ag = va1bı, then 

bz = 2a2b1 / (a2 + b1), and so on. Here are the first few values (to three 
decimal places) of each sequence obtained in this way. 


Sn 6 12 24 48 96 192 


It appears that the sequence (bn) converges to the same limit as (an). 
Indeed, by equation (14), we have bn = a2,/dn, so 


2 
lim a ) 2 
: (jim wl T 
lim 6, = ———————— = — =T, 
n— o0 lim An T 
n— o0 


by the Combination Rules and our definition of 7. 


However, the convergence of these sequences (an) and (bn) to 

mt = 3.14159... seems quite slow. In Unit F4 Power series we give other 
ways to calculate m, which are more efficient, and we show that 7 is an 
irrational number. All these methods use the Monotone Convergence 
Theorem in some way. 


5.3 The number e 


You will have seen that the number e plays an important role in 
mathematics. There are various ways in which e is defined, one of which is 
as the limit of the sequence (an) where 


1 n 
a= (142) r MEL ress 
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Early in the 17th century, the English mathematician Thomas Harriot 
(1560-1621), while working on the problem of compound interest, 
recognised that the sequence an = (1+ 1/n)” had a limit but did not 
give it a value. Since he did not publish his work, his results remained 
unknown until the much later study of his manuscripts. The first 
attempt to find a value for the limit of the sequence was in 1683 by 
Jacob Bernoulli (1654-1705), who was also working on the problem of 
compound interest and who calculated the limit to lie between 2 

and 3. In 1748 Leonhard Euler, in his Analysis Infinitorum, showed 
that the limit is e and he calculated its approximate value to 18 
decimal places. 


In this subsection we use the Monotone Convergence Theorem to prove 
that the limit of the sequence (an) exists. To do this, we prove that the 
sequence (an) is increasing and bounded above. If we plot the first few 
terms on a sequence diagram, then it certainly seems that these properties 
hold; see Figure 25. 


anA 
2.57 ô e 
e 
J e 
—— 
E a 


Figure 25 The sequence a, = (1+ 1)" 


We prove these facts by using the Binomial Theorem: 


an = (142) =14n(2) +P (2) 44 EY 


As n increases, the number of terms in this sum increases and the new 
terms are all positive. Also, for each fixed k > 1 and any n > k, the 
(k+ 1)th term of the sum is 


eee) aD 0) 


and the product on the right increases as n increases (because each of the 
factors does). Hence the sequence (an) is increasing. 


To see that this sequence is bounded above, note that the (k + 1)th term of 
the above sum satisfies the inequality 


1 1 1 1 2 1 k-1 22 
k! n nj n T kl’ 


5 Monotone Convergence Theorem 


since each of the expressions in brackets is at most 1. Hence 


=| I : oo il 1 f 1 
an = as <1i+t+ Tota boty 
1 1 1 
Sa og ag te ae 


since k! = k(k —1) x ---x2x1>2*-1, fork=1,2,.... 
Now we use the fact that the the sum of a finite geometric series is given by 
1 _ yt 
tient = ex 
l-r 


and so, in the case r = $, we have 


1 J 1 1 
be ee At a = 


Thus 


B 1 a 1 f E 
an = E are orn =1,2,... 


so (an) is bounded above by 3. 


Hence, by the Monotone Convergence Theorem, the sequence (an) is 
convergent, with limit at most 3. This allows us to make the following 
definition. 


Definition 


il n 
e= lim (1 + 9 ; 
n—0o n 


For larger and larger values of n, the terms an = (1+ 1/n)” give better 
and better approximate values for e. However, the sequence (an) converges 
to e rather slowly, and we need to take very large integers n to get a 
reasonable approximation to e = 2.718 28.... For example, 


(Cra) VRT 


In Unit D3 Series we give another way to calculate e, which is more 
efficient, and we show that e is an irrational number. 


Similar arguments to the ones given here can be used to prove that 


for any x > 0. In fact, this is true for all real values of x but different 
arguments are needed when g is not positive. 
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Summary 


In this unit you have studied sequences of real numbers denoted by (an), 
and looked at how the ideas of convergence and the limit of a sequence can 
be made precise. You have seen that a key role is played by null sequences, 
that is, sequences which converge to zero, and met a list of basic null 
sequences. You have learnt how to use these basic null sequences, together 
with the Combination Rules and the Squeeze Rule, to show that other 
sequences are convergent and to find their limits. 


You have also seen that many sequences are divergent. These include 
sequences that tend to infinity or to minus infinity, which can be identified 
by using the Reciprocal Rule. More generally, you have seen that a 
sequence is divergent if it has a subsequence that tends to infinity or minus 
infinity, or if it has two subsequences which converge to different limits. 


Finally, you met the Monotone Convergence Theorem, which states that 
any increasing sequence which is bounded above must be convergent. You 
have also seen this theorem applied to show that particular sequences 
converge to the numbers r and e. 


Sequences play a key role in the remaining analysis units of this module, so 
it is important that you have a good understanding of the material in 
this unit. 


Learning outcomes 


After working through this unit, you should be able to: 
e draw the sequence diagram of a given sequence 
e explain what is meant by a monotonic sequence 


e explain the meaning of the phrase ‘a sequence eventually has a given 
property’ 
e explain the definition of null sequence and apply it in simple cases 


e use the Power Rule, the Combination Rules and the Squeeze Rule to 
test for null sequences 


e recognise certain basic null sequences 

e explain what is meant by the terms convergent sequence and limit of a 
sequence, and by the statements Jim, Gn = l, or an > L as n —> oo 

e use the Combination Rules to calculate limits of sequences 

e state and use some theorems about convergent sequences 


e explain the terms divergent sequence, bounded sequence and unbounded 
sequence 


e explain the phrases (an) tends to infinity and (an) tends to minus 
infinity, and use the Reciprocal Rule to recognise sequences which tend 
to infinity 


Learning outcomes 


e use the Subsequence Rules to recognise divergent sequences 
e state the Monotone Convergence Theorem 


e understand the role of the Monotone Convergence Theorem in the 
definitions of the numbers 7m and e. 
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Solution to Exercise D22 
(a) 4,7, 10, 13,16. 

G22 2.2 2 

(c) —1, 2, —3, 4, —5. 

(d) 1, 2, 6, 24, 120. 

(e) 2, 2.25, 2.37, 2.44, 2.49. 


Solution to Exercise D23 


(a) 
Anh 
e 
20+ 
e 
104 tan = n? 
e 
. > 
t 2 3 2 5 Nn 
(b) 
an 
3 ° ° e ° “a, =3 
725 458 
(c) 
an, 
2.5 . ô 7 
2 e an = bS 
n 
12 3 4 5 ® 
(d) 
Anh 
— 4 
—1)n 
„D 
e n 
e 
fs) 4 sa 
14 e 
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Solution to Exercise D24 


(a) Since an > 0 for all n, we can use Strategy D4. 
We have 
én = (t= 1)! and anı =n!, 
so 
anı mi = nx(n—1)! 
an (n—1)! (n-1)! 
=n>1, forn=1,2,.... 


Thus (an) is increasing, so (an) is monotonic. 
(Notice, however, that (an) is not strictly 
increasing, since a, = a2 = 1.) 


(b) Since a, > 0 for all n, we can use Strategy D4. 
We have 


@,=2°”" and any = gmt, 
so 
An+1 o 2” A 2n 
an tl 2x2M 
1 


= 2<], forn=1,2,.... 
5) or n 


Thus (an) is strictly decreasing, so (an) is 
monotonic. 


(c) We use Strategy D3. We have 


1 1 
Qn =n+— and any, =n+1+4+—, 
n n+1 


1 il 
QAn+1 — an = (n+1+—) = (e+) 
1 


SO 


DECES) 


Thus (an) is strictly increasing, so (an) is 
monotonic. 


Solution to Exercise D25 


(a) True: 2” > 1000, for n > 9, since (2”) is 
increasing and 21? = 1024. 


(b) False: all the terms a1, a3,a5,... are negative 
since 


(—1)” = -1, for n = 1,3,5,.... 


>0, forn=1,2,.... 


1 1 
True: — < 0.025, fi >—— =4 
(c) True A o n> SO 


(d) True: an > 0 for all n, and 


any _ 1 (n+1\* 

an A n l 
Using the rules for rearranging inequalities, we 
have 


4 4 
=) er a (==) Zä 
4 n n 


= igi <a 
n 


il 
<= -<v2-1 
n 
< > l 2.414 
n N 
~ y2-1 
So 
Intl 2. for n > 2. 
an 
Hence 
Gnt+1 S an, forn> 2, 


so (an) is eventually decreasing. 


Solution to Exercise D26 


Sequence diagrams are given here to aid your 
understanding, but you are not expected to have 
drawn these as part of your solutions. 


(a) We have that 


(—1)" 1 1 1 
j; T00 n2 ~ 100 
<> n? > 100 
s n> 10. 


Hence we may take N = 10. This is illustrated 


below. 
QnA 
j=)" 
1 ° n? 
T00 | J be ° 5 ‘i 
A lR 
L 10 gQ id x n 
Too | 7 ° 


Solutions to exercises 


(b) We have that 


(—1)" 3 13 
n? 1000 n2 ` 1000 
>. 1000 
SS n > —— 
3 
1000 


1 n> > x 18.26. 


Hence we may take N = 18. This is illustrated 
below. 


op (Ge) 


1000 ) 2 = g “EK 
3 T 
T000 e >18- - . < 


Solution to Exercise D27 


(a) The sequence (an) is null. To prove this, we 
want to show that: 
for each e > 0, there is an integer N such that 
1 
2n— 1 
We know that 


<e, foraln >N. (x) 


1 
[LE <> a 


(+3) 
<> n>-=-(14+-], 
2 E 


so statement (*) holds if we take N > ¿(1 + 1/e). 


2n— 1 


Hence (an) is null. 


(b) The sequence (an) is not null. To prove this, 
we must find a positive value of ¢ for which there is 
no integer N such that 


lan|<e, foraln >N. 
Since 
—1)” 1 
jn =| 1 = i forn = 1; 2 ses 


we can take ¢ = ot This is illustrated in the 
following diagram. In this particular case, all the 
terms of the sequence lie outside the ¢-strip for this 
value of £. 
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AnA 1 1 
4 x e (c) The sequences (+) and (5 = z) are null, 
at 1 1 
20 so the sequences | — } and | ———___- | are 
n4 (2n = 1)! /3 
i 3s 3 A p n also null, by the Power Rule. 
307 j Hence (an) is null, by the Product Rule and the 
-4 e e e Multiple Rule. 


(c) The sequence (an) is null. To prove this, we Solution to Exercise D29 


want to show that: (a) We guess that (an) is dominated by (bn), 
for each ¢ > 0, there is an integer N such that where 


1" 1 
"ERI <e, foralln >N. (=) m ME ess 
n 
We know that To check this, we have to show that 
(—1)” 1 1 1 
Sa aa E forn=1,2,... < — = psia 
mail mp E nmin? n’ ee ee 
and This holds because 
aS Se eS ate nin>n, forn=1,2,.... 
nati E 


Since (bn) is null, we deduce that (an) is null, by 


1 
, 4 
d =E b: the Squeeze Rule. 


Now 1/e — 1 is sometimes positive and sometimes (b) We guess that (an) is dominated by (bn), 


negative, so we need to consider two cases. where 
If e > 1, then 1/e — 1 < 0, so Be e 
al i 
We et a 1, forn=1,2,.... To check this, we have to show that 
i = —1)” 
Hence statement (*) holds with N = 1. ( ) z2. musia 
IfO0 <€< 1, then 1/e —1> 0, so we can use n: n 
Rule 5 for rearranging inequalities, giving This holds because 
E a O co") =4 
= z : n! n! 
Hence statement (*) holds if we take and 
N> üj- p". n>m, forn =1, 2, a 
Thus statement (*) holds in either case, so (an) is Since (bn) is null, we deduce that (an) is null, by 
null. the Squeeze Rule. 
Solution to Exercise D28 (c) We guess that (an) is dominated by (bn), 
where 
1 
(a) We know that the sequence (z — z) is null, b= “i Wa oes 


60 (are) nul by tho Foner Ble: To check this, we have to show that 


sin(n?) 
n? + 2” 


3 
so (an) is null, by the Multiple Rule. 


1 
(b) We know that the sequence (=) is null, 
n < =, forn=1,2,.... 
n 
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This holds because |sin(n?)| < 1 and 
n? +2 > n?, forn=1,2,.... 


Since (bn) is null (by the Power Rule), we deduce, 
by the Squeeze Rule, that (an) is null. 


Solution to Exercise D30 


(a) (an) is a basic null series of type (b), 
with c = 0.9. 


(b) (an) is a basic null series of type (d), 
with c = 27. 


(c) (an) is a basic null series of type (a), 
with p= 5: 
(d) (an) is a basic null series of type (e), 
with p = 27. 


(e) (an) is a basic null series of type (c), 
with p= 1 and c= 35. 


Solution to Exercise D31 
(a) 


2- ° 


T T T T = 


1 2 3 4 


The sequence diagram suggests that (an) 
converges to 1. 


1 1 
Dee 


(b) bn =an—-1= 7 


Hence (bn) is a null sequence. 


Solution to Exercise D32 
We have 
1 n?41 1 1 


a = SS ES 


2 2n3 2. 2n3 


1 
We know that (=) is a null sequence, by the 
n 


Multiple Rule, so (aņ) converges to 5. 


Solutions to exercises 


Solution to Exercise D33 


In each case we apply Strategy D7. 


3 


(a) The dominant term is n?, so we write 


n? +2n?+3  14+2/n+3/n3 


on On +1 2+1/n3 
Since (1/n) and (1/n?) are basic null sequences, 


1+2 3/n3 


n— o0 n= o0 2+ 1/n? 
_1+0+0 1 
2+0 2’ 


by the Combination Rules. 
(b) The dominant term is 3”, so we write 
n? +2" — n?/3" + (2/3)" 
14+n3/3" - 
Since n?/3” = n?(1/3)" and n3/3” = n3(1/3)", we 


see that (n?/3”), ((2/3)") and (n°/3”) are all basic 
null sequences, so 


an = 37 4 3 


2/Qn 2 n 


n—oo n—- 00 1+n3/3” 
0+0 
1+0 


by the Combination Rules. 
(c) The dominant term is n!, so we write 
o nl+(=1)  1+(=1)"/n! 
2° /n!+3 


"O mIn 
Since ((—1)"/n!) and (2”/n!) are basic null 
sequences, 


ima = Tim Lic" 
1+0 1 
0+3 3 


by the Combination Rules. 
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Solution to Exercise D34 
(a) By Rule 5 for rearranging inequalities with 
p =n, we have 

2 2 \" 
n/m <14+,/— <— n<(14+,/——). 

m=] m=1 
Using the hint with x = ,/2/(n — 1), we obtain 
n 2 
‘eh 2 n(n — 1) 2 
n—1 2! n—-1 
E n(n—1) 2 E 
2 n—-1 
Thus the right-hand inequality holds for n > 2, so 
it follows that the left-hand inequality also holds 
for n > 2, as required. 
(b) For n > 1, we have n!/” > 1. Combining this 
inequality with that in part (a), we obtain 
1/n 2 
l<n/" <14+,/——, forn> 2. 
n—1 
Now the sequence (b,,) defined by 
| 2 
bn = m=i T= 2s Bsa 
is the same as the sequence defined by 
2 


bn = “> 
n 


TW Doren oa 


So, since (1/n) is a basic null sequence, it follows 
from the Multiple Rule and the Power Rule that 
(bn) is null. Thus, by the Combination Rules, 


n> Co noo 


lim (+ Z) = lim (1 +bn)=1, 


so, by the Squeeze Rule, 


lim n!” =1. 
noo 


Solution to Exercise D35 


n 


(a) This sequence is bounded because 1 + (—1) 
takes only the values 0 and 2, so 


|1+(-1)"|<2, forn=1,2,.... 


(b) This sequence is unbounded. Given any 
positive number M, there is a positive integer n 
such that |(—1)"n| =n > M. 
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(c) This sequence is bounded because 


2 1 1 
mH Laisa, lorn =] 2 
n 


n 


Solution to Exercise D36 


(a) This sequence is unbounded and hence 
divergent, by Corollary D15. 


(b) This sequence is convergent (with limit 1) and 
hence bounded, by Theorem D14. In fact, 
n? +n n? +n? 


= =93 
m= ee 


forn =1,2,.... 


(c) This sequence is unbounded and hence 
divergent, by Corollary D15. 


(d) The first few terms of this sequence are 


1 1 
EA EE E eee 


This sequence is unbounded because, given any 
positive number M, there is an even integer 2n 
such that (2n)(-)*" = 2n > M. Hence the 
sequence is divergent, by Corollary D15. 


Solution to Exercise D37 


(a) Each term of (an) is positive and 
1 n 
an 2” 
is a basic null sequence. Hence an — oo, by the 
Reciprocal Rule. 
(b) The dominant term is 2”, so we first write 
9 


n= (1-5), forn =1,2,.... 


Since (n?/2”) is a basic null sequence, it follows 
that (n®/2”) is eventually less than 1, so (an) is 
eventually positive. 
Next we write 

1 1 


O _ 1/2" 
an 2" —n9 


~~ 1-9/2" 


Now (1/2”) and (n®/2”) are basic null sequences, 
so, by the Combination Rules, 


Hence an > oo, by the Reciprocal Rule. 


(c) We know that 2”/n — oo, by part (a), and 


an = 2 /n+ 5n? > 2"/n, forn=1,2,.... 


Hence an — co, by the Squeeze Rule for sequences 
which tend to infinity. 
(Alternatively, you could have used the Reciprocal 
Rule or the Sum and the Multiple Rules.) 
(d) Each term of (an) is positive. The dominant 
term is 2”, so we write 

1 ntn — 2/2" +n/2" 

an Wtn2 14n?/2 
Now (n/2”), (n?/2”) and (n®/2") are basic null 
sequences so, by the Combination Rules, 


: 1 0+0 
lim — = =0 
n> An 1+0 


Hence an > œ, by the Reciprocal Rule. 


Solution to Exercise D38 

(a) (i) az= 4, a4 = 16, ag = 36, ag = 64, 
ajo = 100. 

(ii) a3 = 9, a7 = 49, aq, = 121, 15 = 225, 
aig = 361. 

(iii) ay = 1, a4, = 16, ag = 81, a6 = 256, 
a25 = 625. 


(b) The first three terms of the odd subsequence 
1, a3 $, a5 $; the first three terms of 


are ay 


the even subsequence are az = 2, a4 = 4, ag = 6. 
Solution to Exercise D39 
(a) We have 
1+ : d =-1+ : 

a2k = aE tS ae ho 1’ 
for k = 1,2,.... Thus 

lim ag, = 1, whereas lim aək-1 = —1. 

k-oo k-0oo 


Hence (an) is divergent, by the First Subsequence 
Rule. 


Solutions to exercises 


(b) We have 

azk = k — |k] =0 
and 

ask =k+5-|k+3]=k+3-k= 
for k = 1,2,.... Thus 


? 


wile 


lim a3, =0, whereas lim a3kķ}ı = $. 
k-oo k-oo 


Hence (an) is divergent, by the First Subsequence 
Rule. 


(c) We have 


ay 1, a2 0, a3 —3, 


5, a6 0O,.... 


a4 0, a5 


Now 
ask+1 = (4k + 1) sin (2kr + 57) 
=4k+1, 
for k =1,2,.... Thus agp41 > œ as k > oo. 


Hence (an) is divergent, by the Second 
Subsequence Rule. 


Solution to Exercise D40 


Since (an) is increasing, it follows from the 
Monotonic Sequence Theorem that either (an) is 
convergent Or Gn > ©. 


If an > œ as n — ov, then it follows from 
Theorem D19(b) that an, — oo as k — oo, and we 
know that this is false. 


Hence (an) must be convergent. 
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Unit D3 
Series 


Introduction 


In this unit you will study infinite series. Informally, an infinite series is 
the sum of infinitely many numbers such as 


Py eos 
2 4 8 16 f 


Although in everyday language the words ‘sequence’ and ‘series’ are often 
used interchangeably, in mathematics they represent distinct, but related, 
concepts. 


As with sequences, an infinite series may converge or diverge. The unit 
begins with a formal definition of a convergent infinite series, illustrated 
with several examples. You will then learn how to use various tests to 
determine whether or not a series converges. 


Because the study of series involves studying related sequences, this unit 
depends heavily on the ideas and results of Unit D2 Sequences; therefore, 
before studying this unit you should make sure that you understand 
Unit D2, Sections 1, 2 and 3, and that you are familiar with Sections 4 
and 5. 


When working with series, we often need to determine whether a related 
sequence converges and, if it does, find the value of its limit. In this unit 
we do not always give as much detail in such calculations as we did in 
Unit D2. As is the case throughout this module, the amount of detail 
given in solutions to the exercises and worked exercises indicates the 
amount you should give in your own solutions. 


1 Introducing series 


In this section you will see how a convergent infinite series can be defined 
formally in terms of convergent sequences. You will meet several examples 
of such series and discover various properties that all convergent series 
have in common. 


1.1 What is a convergent series? 


We begin by considering a paradox of Zeno. 


The Ancient Greek philosopher and mathematician Zeno lived and 
worked in Elea in southern Italy during the 5th century BCE. Zeno 
proposed a number of paradoxes of the infinite, which have intrigued 
succeeding generations. His paradoxes include ‘The Flying Arrow’ and 
‘Achilles and the Tortoise’. 


In one of his paradoxes, Zeno claimed that it is impossible for an object to 
travel a given distance, since it must first travel half the distance, then half 
of the remaining distance, then half of what remains, and so on. There 
must always remain some distance left to travel, so the journey cannot be 
completed. 
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This paradox relies partly on the intuitive feeling that it is impossible to 
add up an infinite number of positive quantities and obtain a finite answer. 
However, the illustration of the paradox in Figure 1 suggests that, in this 
case, a finite answer is certainly plausible. 


í i ga 
2 4 8 16 

T T uf m T 

0 1 3 7151 
2 4 8 1 


Figure 1 The distances in Zeno’s paradox 


The distance from 0 to 1 can be split up into the infinite sequence of 


distances $, 7 $, ..., each distance being half of the preceding one, so it 
seems reasonable to write 

oe ee ee 

2 4 8 16 l 


We now give a justification for this statement. Let sn be the sum of the 
first n terms on the left-hand side. We call this the nth partial sum. Then 


va] 
S 
Il 


KA 
N 
| 


VA 
w 
| 


I= NIe NIe 


The sequence diagram for the sequence (sn) of partial sums is shown in 


Figure 2. 


To obtain the nth partial sum, we use the formula for the sum of a finite 
geometric series. Here is a reminder of the formula. 


Sum of a finite geometric series 


The geometric series with first term a, common ratio r # 1 and 
n terms has the sum 


a+ar+-- +ar™! = 


By applying this formula in the case that a = r = 2, 


Sn = 


a(l — r”) 
l=p 


we obtain 


1 
2 
=} 
) 


ebro (A) 
i. al 
3 (1-(5)") 


=1-()". 


n . . 
The sequence (3 ) is a basic null sequence, so 


1 


lim s„=1-— lim (4)”=1. 
n—> Co n—> o0 


2 


It is this precise mathematical statement that Sn — 1 as n + oo which 
justifies our informal statement earlier that 


ea eh =] 
2 4 8 16 o 


We now use this approach to define a convergent infinite series. 


Definitions 

Let (an) be a sequence. Then the expression 
Gi r G9 ar Egas 

is an infinite series, or simply a series. 

We call an the nth term of the series and 


Sp = Ui 1 AQT +++ ar Cp 
the nth partial sum of the series. 


The series is convergent with sum s (or converges to s) if its 
sequence (sn) of partial sums converges to s. In this case, we write 


Gi, 4 © =F Gp 4p coe = G 


The series diverges, or is divergent, if the sequence (sn) diverges. 


Notice that the sum of a convergent infinite series is the limit of the 


sequence of its partial sums. Thus we can prove results about a series by 


applying known results about sequences to its partial sums (sn). 


Remarks 


1. When you have a series aj + a2+--- , it is important to distinguish 
between the sequence of terms 


(an) = a1, a2, @3,.-. 
and the sequence of partial sums 


(Sn) = a1, a1 + a2, a1 + a2 + a3,.... 


It may help you remember the difference if you think of sn as the sum 
of the series up to and including the nth term (s standing for ‘sum’), 


and an as the amount that is added to the series by the nth term 
(a standing for ‘added’). 


It may also be helpful to think of the series as a ‘snake’ which 


e has length sn on its nth birthday, and 
e grows by the length a, in its nth year. 
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This is illustrated in Figure 3. 


ay 


Year 1 PAT RRR RARER oe 


Year 2 


Year 3 


Figure 3 The sequences (s,,) and (an) 


This picture has its limitations, however; for example, it assumes that 
the snake lives forever. Also the terms an need not be positive, so the 
snake may shrink or even have negative length! 

2. Sometimes the first term in a series may not be a1; for example, it 
might instead be ao or ag. However, when a series begins with a term 
other than a1, we still calculate the nth partial sum sn by adding all the 
terms up to and including an. 


For example, if the first term of a series is ag, then the nth partial sum is 
Sn = Q0 + ay +++: + Gn. 


Hence, in the case of a series starting with ao, there is a Oth partial sum 
so = do, and the nth partial sum is the sum of n + 1 terms. 


3. Note that changing, deleting or adding a finite number of terms does 


not affect the convergence of a series, but may affect its sum. For 


example, the series 
(ee revere ees eee aoe 
2 4 8 


is convergent with sum 1+2+3+4+4+5+4+1=16. 


Worked Exercise D28 


For each of the following series, calculate the nth partial sum and 
determine whether the series is convergent or divergent. 


(a) titit WIA +)? 4+.) © 244484-- 


The next worked exercise shows that infinite series need to be manipulated 
with care. 


Worked Exercise D29 


Explain why the following proof is incorrect. 


Claim (incorrect!) 
24+44+84---=-2. 

Proof (incorrect!) Let 
2+4+8+ =s. 

Multiplying through by = gives 
1+24+4+84+---=$s, 


which can be written as 


l+s=3s. 


So 38 = —1 and hence 


s=-2. 
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We can avoid reaching absurd conclusions such as that in Worked 
Exercise D29 by performing arithmetic operations only with infinite series 
which we know to be convergent. It is therefore very important to be able 
to check whether or not a given series is convergent. You will meet many 
ways of doing this for different types of series in this unit. 


Sigma notation 


First, however, we show how to use sigma notation as a convenient way to 
represent infinite series. 


From your previous studies you will be familiar with the use of sigma 
notation as a shorthand way of writing finite sums. For example, instead 
of aj +a2+---+ aio, we can write 


10 
S an, 
n=1 


where the symbol ` is the Greek upper-case letter sigma (standing for 
‘sum’) and the subscript n takes all integer values from 1 to 10 inclusive. 


This notation can readily be adapted to represent infinite series. Instead of 
a, + a2 + a3 +--+, we write 


lo) 
X an, 
n=1 


which is read as ‘sigma, n = 1 to infinity, an’, or ‘the sum from n = 1 to 
infinity of an’. For example, 


co 


Se 
no 2 3 l 


n=1 


Remarks 


1. An alternative layout for sigma notation is }>°°_, an. We sometimes use 
the simpler notation )> an to denote a general infinite series with 
terms Ay. 

2. Note that there is no term as in the series i an. The symbol oo is 
here used to mean that the subscript n takes every integer value greater 
than or equal to 1. 

3. When using sigma notation to represent the nth partial sum s,, of a 
series, we use another letter for the subscript of the terms to avoid n 
having two different meanings in the same expression; we may write 


n 
Sn = Q1 + a2 +: + an = > ak. 
k=1 


For example, we write 


The letters i, j, k,l, m,n, p and q are commonly used for subscript 
variables. 


4. If a series begins with a term other than a1, then we adapt the notation 
appropriately; for instance, 


co co 
J An = a0 + a1 +a2 +: or ) Aan =az+ag+a5t+:::. 
n=0 n=3 

For example, we write 


OO 
Sor altrtr te. 


n=0 


Exercise D41 


For each of the following series, calculate the nth partial sum sp and 
determine whether the series is convergent or divergent. If it is convergent, 
find its sum. 


(a) Y wa SED" @) SOG)" 
n=1 n=1 n=0 
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The series considered so far in this section are all geometric series. In 
general, the (infinite) geometric series with first term a and common 
ratio r is 


[0,6] 

yar =atar+ar?+---. 

n=0 
Note that it is conventional to regard the term ar” as the nth term of a 
geometric series, which means that the summation goes from n = 0 to oo. 
(We did not adopt this convention for some of the geometric series you 
have met so far, but we will do so from now on.) 


The following theorem enables us to decide whether any given geometric 
series is convergent or divergent. 


Theorem D24 Geometric series 


(oe) 
a 
(a) If |r| <1, then Se ar” is convergent, with sum Ta 


n=0 


(b) If |r| > 1 and a 40, then Ne ar” is divergent. 


n=O 


Proof (a) Ifr #1, then the nth partial sum s, is given by the formula 
for the sum of a finite geometric series with n + 1 terms, so 
a(l—r"*) 
l-r 
Now, if |r| < 1, then (r”) is a basic null sequence, so 


: _ a(l- r”+t!) 
lim sn = lim —— 
noo n—-0o l-r 


sei (1 — lim P = —_ 
l-r noo l-r 
by the Combination Rules for sequences that you met in Unit D2. 
Thus, if |r| < 1, then 
[0,6] 
AG a 
Ss ar” is convergent, with sum Ir 


n=0 


Sn =a +ar +ar? +- + ar” = 


(1) 


(b) We deal separately with the cases r = +1 and |r| > 1. 
We saw in Worked Exercise D28(a) and Exercise D41(b) that a 
geometric series with r = +1 and a = 1 is divergent. The same 
arguments can be used to show that any geometric series with r = +1 
is divergent, whatever the value of a. 


If |r| > 1, then (sn) is given by equation (1) and |r|"t! > 00 as 
n — co, so the sequence (sn) is unbounded and hence divergent. 


oO 
Thus, if |r| > 1, then > ar” is divergent. a 


n=0 


1.2 Telescoping series 


Geometric series are easy to deal with because there is a formula for the 
nth partial sum sn. The next exercise concerns another series for which we 
can calculate a formula for sn. 


Exercise D42 


Calculate the first four partial sums of the following series, giving your 
answers as fractions: 


3 Bee ee E 
n(n+1) 1x2 2x3 3x4 


n=l 


The partial sums obtained in Exercise D42 suggest the general formula 


ae: eee ee eee SSL 
1x2 2x3 n(n+1) n+l 


Sn 


This formula can be proved by using the identity 
1 ii iL 
— = —— — ., forn=1,2.,..., 
n(n+1) n n+l 


which implies that 


2 1 eTa 1 
eee a 
Thus 


I EOE TEE. CTE. 
2. Bed (n-—1)n  n(n+1) 


x 

1 1l 1 1 
ar Gee a 
1 n 

n+l ae 


(This series is said to be telescoping because of the cancellation of the 
adjacent terms —3, $, -—4, $, sran) 


Sn = 


| 


Since 


lim s, = lim —— = lim ——— =1, 
n= n>œ n + 1 noo 1 + 1/n 


we deduce that the given series is convergent, with sum 


< 1 
Serre = 


n=l 
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Series 


Exercise D43 


(oe) 
Find the nth partial sum sn of > , using the identity 
n=1 


— n(n + 2) 
2 1 1 


—, fe Sho oen 
n(n+2) n n+? A 


Deduce that this series is convergent and find its sum. 


1.3 Combination Rules for series 


You have already seen that performing arithmetic operations on the 
divergent series 2 + 4+8+--- can lead to absurd conclusions. However, we 
can perform arithmetic operations on convergent series. The following 
result shows that there are Combination Rules for convergent series, which 
follow directly from the Combination Rules for sequences. 


Theorem D25 Combination Rules for convergent series 


[0.0] OO 
Suppose that x Üa = s and SS Op = to Minem 


m=i n=1 
Sum Rule SG. +bn)=s+t 
m= 


Multiple Rule Se Aan = As, for any real number AÀ. 


ol) 


Proof Consider the sequences of partial sums (sn) and (tn), where 


34 = a and tn = Sis 
k=1 k=1 


We know that sn —> s as n —> œ and tn > t as n —> oo. 


1 Introducing series 


(oe) 
Sum Rule The nth partial sum of the series ac + bn) is 
n=1 
n 
X (ak + be) = (a1 + b1) + (a2 + b2) +++ + (an + bn) 
= = (a1 +42 +--+ an) + (bi + bg +++ + bn) 
= Sn + tn. 


By the Sum Rule for sequences, 


lim (sn +tn) = lim sn + lim tn =s+t, 
n—= o0 n—0o noo A 
so the sequence (sn + tn) of partial sums of Y (an + bn) has limit s + t. 


n=1 
Hence this series is convergent and 


X "(an + bn) =s+t. 


n=1 


(oe) 
Multiple Rule The nth partial sum of the series `> Aan iS 


n n=1 

S Aap = àa + ag +++ + Aan 

E=1 = Nay tag +++- + an) 

= NS 

By the Multiple Rule for sequences, 

lim (Asn) = À lim sn = às, 

MoCo Noo oo 
so the sequence (Asn) of partial sums of D Aan has limit As. Hence this 

n=1 


series is convergent and 


[0.0] 
` Aan = AS. 
nel 


Worked Exercise D30 


Prove that the following series is convergent and calculate its sum: 


> (e+ amen) 


n=1 
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Exercise D44 


Prove that the following series is convergent and calculate its sum: 


(0's) 


n=1 


We conclude this subsection with the following corollary to the Multiple 
Rule for convergent series, which tells us that a non-zero multiple of a 
divergent series is also divergent. (Remember, though, that you can never 
perform arithmetic operations with divergent series.) 


Corollary D26 Multiple Rule for divergent series 
(oe) 
Suppose that SS an is divergent and that A is a non-zero real number. 


m= 


(oe) 
Then ` Aan is divergent. 


w= 


[e.e] 
Proof We use proof by contradiction. Suppose that SS an is divergent, 


n=1 
oo 


and that À is some non-zero real number such that > Ady, is convergent. 


n=1 
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Then it follows from the Multiple Rule for convergent series with multiple 
1/A that 


1 0O 
2 An = F XA an is convergent. 
OO 


However, this is a contradiction since we know that > an is divergent. So 
n=1 
our original assumption was wrong and we must in fact have 


OO 


J Aan is divergent, for any non-zero real number A. 
n=1 | 


1.4 Non-null Test 


For all the infinite series we have so far considered, it is possible to derive a 
simple formula for the nth partial sum. For many series, however, this is 
difficult or even impossible. 


Nevertheless, it may still be possible to decide whether such series are 
convergent or divergent by applying various tests. Our first test arises from 
the following result. 


Theorem D27 


If > an is a convergent series, then its sequence of terms (an) is a 
wl) 


null sequence. 


Proof Let 
sn = Dan = a1 +49 +++ + an 
k=1 


denote the nth partial sum of the series }°°°_, an. Because X7] an is 
convergent, we know that (sn) is a convergent sequence, with limit s, say. 


We want to deduce that (an) is null. To do this, we note that 
Qn = Sn — Sn—1, forn> 2. 
Thus, by the Combination Rules for convergent sequences, 
lim an = lim (Sn — Sn-1) = lim sn — lim sn-1. 
n00 n00 n—- oo n—-> oo 
The sequence (sn—1)3 is the same as the sequence (sn){ , SO Sn-1 — S as 
n— oo. Thus 
lim a, =s—s=0 
noo 


so (an) is a null sequence, as required. E 
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The following test for divergence is an immediate corollary of 
Theorem D27. 


Corollary D28 Non-null Test 


CO 
If (an) is not a null sequence, then ` an is divergent. 


m=i 


Although it is sometimes obvious that a sequence (an) is not null, it can be 
useful to have a method for showing this. You saw in Unit D2 that if (an) 

is a null sequence, then (|a,,|) is also null, as are all subsequences of (|an). 

This leads to the following strategy. 


Strategy D9 


co 

To show that > an is divergent using the Non-null Test, check that 
m=i 

the sequence (an) is not null by showing that (|a,,|) has either 


(a) a convergent subsequence with non-zero limit, 
or 


(b) a subsequence which tends to infinity. 


Often when we apply Strategy D9 there is no need to consider a 
subsequence, because the whole sequence (|an|) tends to a non-zero limit 
or to infinity, as in the following Worked Exercise. 


Worked Exercise D31 


Prove that each of the following series is divergent. 


(@) Spr) OS 


2 Series with non-negative terms 


Exercise D45 


—1)” tin? 


oe) 
Prove that a ( is divergent. 
n=1 


= Qn? +1 


Note that the converse of the Non-null Test is false. If the sequence (an) is 
null, then it is not necessarily true that the series X7] an is convergent. 
For example, the sequence (1/n) is null, but the series 


ae is divergent 
n (2°3 oat 


n=1 


(We prove this rather surprising fact at the beginning of the next section.) 
So you can never use the Non-null Test to prove that a series is convergent. 


2 Series with non-negative terms 


In this section we restrict our attention to series °°?) an with 
non-negative terms. In other words, we assume that 


Qn >0, forn=1,2,.... 
It follows that the partial sums of X>; an, given by 


sy = aj 


S2 = Q1 +402 


Sn = Q1 + a2 +`: + an, 


form an increasing sequence. This is illustrated in Figure 4 and in the 
sequence diagram in Figure 5. 


ay a2 Q3 


T T 
0 S1 §2 53 
Figure 4 A series with 
non-negative terms 


Sn 


| T T T T > 


L 2.3.4 n 


Figure 5 The partial sums of 
a series with non-negative 
terms 
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As in Section 1, we are interested in finding out whether a series with 
non-negative terms is convergent, even if we are unable to evaluate its sum 
or partial sums. The fact that the sequence (sn) of partial sums is 
increasing helps us to determine whether (sn) is convergent, since we can 
use the Monotone Convergence Theorem which you met in Unit D2. We 
restate this result below. 


Theorem D29 Monotone Convergence Theorem 
If the sequence (an) is either 

e increasing and bounded above, or 

e decreasing and bounded below, 


then (an) is convergent. 


Thus, if we can prove that the sequence (sn) of partial sums of a series 
with non-negative terms is bounded above, then it follows from the 
Monotone Convergence Theorem that (sn) is convergent, and hence that 
the series }°°°_, an is convergent. 


In this section you will meet several tests that can be used to check 
whether a series with non-negative terms is convergent and also several 
examples of such series. 


2.1 Tests for convergence 


We begin by studying two important examples of series with non-negative 
terms: 


< i 1 1 1 
se Sl ls d ey pe eras Opel 
ae Gua an a 4. atat 


Exercise D40 


Use a calculator to find the first eight partial sums of each of the series 
[0,6] 


1 Š l 
3. — and y E (giving your answers to two decimal places), and plot 
n =n 


n=l 
your answers on a sequence diagram. 


From the solution to Exercise D46, it appears that 


— di d — : 
y = diverges an Se zz converges 
n=1 n=1 
We now show that this is indeed the case. To do this, we look carefully at 
the partial sums of these two series to see whether the sequences of their 
partial sums converge or diverge. 


2 Series with non-negative terms 


(oe) 
1 
We begin by considering > —. This series is often called the harmonic 
n 
n=1 
series, since its terms are proportional to the lengths of strings that 


produce harmonic tones in music. 


The earliest recorded proof that the harmonic series is divergent is in 
a treatise dating from c.1350 by the French medieval philosopher 
Nicole Oresme (c.1320-1382). 


Worked Exercise D32 


0O 
1 
Prove that the series > — is divergent. 
n 


n=1 


Solution 


®. Notice that the sequence (1/n) is null, so we cannot use the 
Non-null Test here. The key step in the proof is to find a subsequence 
of partial sums that tends to infinity. We do this by arranging the 
terms of the partial sums into groups. .® 


Let sn be the nth partial sum of the series. Then: 


jee eer aie ceca mee are te 
Ss = = = = == = — = — -= Pere = 
i JE gap oe ee Oe n 


ee ee T Ua ae P 
E 2 g A 5 0 7 B8 


1 1 1 
oam teri 


® The kth bracket contains 2" terms, each at least equal to 


i 
OF + OF? 
so the sum of the terms in each bracket is at least equal to 


9k 
Fp oF a This fact enables us to use the Squeeze Rule for 
sequences which tend to infinity, which you met in Unit D2. & 


It follows that the subsequence (ssx) of partial sums is: 


sy = I. 
1 
82 = Sage 
Urea fag (eer ee ere 
le ay 2y 
E E E E a oe ae 
S — — — — = = as 
2 J tes ai p 6 7 8 2'3 3 
a eee ee 
52k 2'7 3 8 
ea 
k terms 
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Since 1 + ae — œ as k > ov, it follows from the Squeeze Rule that 
S9k —7 (CS), 


@. We now use the Second Subsequence Rule from Unit D2, which 
says that if a sequence has a subsequence that tends to infinity, then 
the sequence is divergent. © 


Hence the sequence (sn) is divergent by the Second Subsequence Rule. 
co 


1 
It follows that the series D — is divergent. 
n 


m= 


We now consider the second series from Exercise D46. 


Worked Exercise D33 


OO 
Prove that the series y — İs convergent. 
n 


n=l 


Solution 


®. All the terms of the series are positive, so the sequence of partial 
sums is increasing. We show that the sequence of partial sums is 
bounded above and use the Monotone Convergence Theorem. ® 
Let sn be the nth partial sum of the series. Then, using the method of 
telescoping cancellation and the fact that 

1 1 1 il 


2 Ga) a 


for all integers k > 1, we have 


1 1 1 1 
“malta aaa ia 
il 1 
1 TeS 
a To eee E 
E ll 1 x 1 I 4 il 1 + hy 1 1 
E I? 3 3d m-l m 
il 
= 
n 
D 


It follows that (sn) is both increasing and bounded above (by 2, for 


example) so that, by the Monotone Convergence Theorem, (sn) is 
OO 


convergent. So the series > —z is convergent. 
n 


n=l 
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2 Series with non-negative terms 


In fact, remarkably, it can be shown that 
ans 

2 oR 
<n 6 


However, a proof of this (which depends on use of trigonometric series or 
of complex analysis) goes beyond the scope of this module. 


The problem of finding the exact sum of the series )*°°., (1/n?) is 
known as the Basel problem. The problem was first posed by the 
Italian mathematician Pietro Mengoli (1626-1686) in 1644. After 
withstanding the attack of many leading mathematicians, including 
several members of the Bernoulli family, it was solved by the young 
Leonhard Euler (1707-1783) in 1734, bringing him immediate fame. 
The problem is named after the city of Basel in Switzerland, the 
hometown of Euler and of the Bernoulli family. 


Just as with sequences, there are some general results that enable us to 
deduce the convergence or divergence of a given series from the known 
convergence or divergence of another series. Our next result is of this type. 


Theorem D30 Comparison Test 
(a) TE 
OX GS Wa, wor M = 1, Booos (2) 


0O 0O 
and `y bn is convergent, then ‘D an is convergent. 
m= m= 
(b) If 
O< Oy SGpo tor m= l eaog (3) 


OO [0.0] 
and >` bn is divergent, then SS an is divergent. 


i=l c= 


Proof (a) Assume that inequality (2) holds. Then the nth partial sums 
Sh =a, tagte::+an, n=1,2,..., 
and 
i= behets, B= 12 ey 


satisfy 


Sn S tny forn=1,2,.... 


We also know that }7°°, bn is convergent, so the increasing sequence 
(tn) is convergent with limit t, say. Hence 


Sn <ty<t, forn=1,2,..., 
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so the increasing sequence (sn) is bounded above by t. By the 

: (oe) 
Monotone Convergence Theorem, (sn) is also convergent, so X p] dn 
is a convergent series. 


Now assume that inequality (3) holds. Notice that the statement 


OO [0,6] 
if > bn is divergent, then 7; an is divergent 
n=1 n=l 


is equivalent to the statement 


oO Co 
if > an is convergent, then > bn is convergent. 
n=1 n=1 
®. The second statement is the contrapositive of the first statement 
and so is equivalent to it, as you saw in Unit A3 Mathematical 
language and proof. & 


But the second statement follows from part (a) with the roles of an 
and bn interchanged, so this proves part (b). E 


Remarks 


1. 


In 


Informally, in part (a) we say that X`% an ‘is dominated by’ X>% bn; 
and in part (b) that X>] an ‘dominates’ X7] bn. 


. In the proof of part (a), if we apply the Limit Inequality Rule from 


Unit D2 to the inequality 


Sn <tn, forn=1,2,..., 


Co Co 
then we can in fact deduce that X an Z `> bn. 


n=l n=1 


. When using the Comparison Test, it is sufficient to show that the 


necessary inequalities in parts (a) and (b) hold eventually; that is, that 
0 < an < bn or 0 < bn < an for all n > N, for some number N. (You 
met this idea of a property holding eventually in Unit D2.) 


applications, we use the Comparison Test in the following way — 


sometimes informally called a ‘guess then check’ approach. 


Strategy D10 


(a) To show that a series >p; an of non-negative terms is 


convergent using the Comparison Test, do the following. 


1. Guess that X>] an is dominated by a convergent series 


Yin=t bn- 


2 Cloak wae O < Ga < Wp, ior m= l oeeo 


(b) To show that a series >p; an of non-negative terms is divergent 


using the Comparison Test, do the following. 


1. Guess that Xp; an dominates a divergent series } p; bn. 
» Cheek unen 0 < Do < Oa Wor im = y aoas 


2 Series with non-negative terms 


In either case, the first step is to find a suitable series }°°°_, bn to compare 
with the series }>°°_, an that we are investigating. To do this, we choose a 
series whose nth term bp seems likely to be greater than or equal to an 
(less than or equal to ap) and which we know converges (diverges). 
Carrying out the check in step 2 of Strategy D10 will then show whether 
or not our guess of `p; bn was suitable. This is illustrated in the next 
two worked exercises. 


Worked Exercise D34 


(oe) 
Prove that the series > — is convergent. 
n 


n=1 


(oe) 
1 ; 
There is no simple way of writing the sum of the series Ss => Tinis 
n 
m=i 
value is now known as Apéry’s constant after the French 
mathematician Roger Apéry who in 1978 proved that it is irrational. 
Apéry’s constant arises naturally in a number of physical problems; 
for example, in the quantification of black body energy radiation. 
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Worked Exercise D35 


[0,6] 
Prove that the series D 


n=1 


is divergent. 


= 
vn 


Next we consider the series 


= 1 


This seems likely to be divergent, because its terms are somewhat similar 
to those of Xp; (1/,/n), which we showed to be divergent in Worked 
Exercise D35. But how can we prove this? 


We cannot use the Comparison Test for these two series because the 
inequality in step 2 of Strategy D10(b) does not hold. We could use the 
Comparison Test to compare series (4) with °°? _,(1/n), in which case we 
would find that the inequality in step 2 holds eventually. However, the 
following useful result enables us to deduce the divergence of series (4) 
directly from the divergence of X z; (1//n). 


Theorem D31 Limit Comparison Test 


CO [e.e] 
Suppose that yy an and SS bn have positive terms and that 


m=i n=1 


a 
rA as n — 00, 


n 
where L #0. 


[o.e] CO 
(a) If > bn is convergent, then ` an is convergent. 


m=i m=i 
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CO (oe) 
(b) If ` bn is divergent, then ` an is divergent. 


m=i w= 


Proof (a) We know that the sequence (an/bn) is convergent, so it must 
be bounded by Theorem D14 of Unit D2. Thus there is a positive 
constant K such that 

“n <K, forn=1,2,..., 
bn 
so 


Qn <Kb,, forn=1,2,.... 


We also know that X57] bn is convergent, so X >} Kb, is convergent, 
by the Multiple Rule. Hence, by part (a) of the Comparison Test, 


5°] Gn is convergent 
n=1 Gn g : 


(b) As we saw in the proof of part (b) of the Comparison Test, the 
statement 


[oe] OO 
if bD bn is divergent, then > an is divergent 
n=1 n=1 


is the contrapositive of the statement 


co OO 
if ) an is convergent, then J bn is convergent, 
n=1 n=1 


so these two statements are equivalent. Now since L 4 0, we have 


bn 1 
— => — asn > oœ, 
An L 


by the Quotient Rule for sequences from Unit D2. Thus the second 
statement follows from part (a) with the roles of a, and bn 
interchanged, which proves part (b). E 


Remarks 


1. The hypothesis an/bn — L can be interpreted as saying that ‘an 
behaves rather like bn for large n’. 


2. The assumption that L Æ 0 is not needed in the proof of part (a), but it 
is essential in the proof of part (b). 


As we did with the Comparison Test, we can formulate a convenient way 
to use the Limit Comparison Test via a ‘guess then check’ approach. 
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Strategy D11 


(a) To show that a series X>} an of positive terms is convergent 
using the Limit Comparison Test, do the following. 


1. Guess that }°°°., an behaves like a comparable convergent 
series )>°° | bn of positive terms. 


2. Check that = —> L #0 as n —> œ and deduce that 77°) an 
converges. 
(b) To show that a series Xp; an of positive terms is divergent 
using the Limit Comparison Test, do the following. 


1. Guess that X>; an behaves like a comparable divergent 
series J p} bn of positive terms. 


2. Check that - —> L #0 as n > œ and deduce that ) p1 an 


diverges. 


In either case, the first step is to find a suitable series }7°°_, bn of positive 
terms to compare with the series >>; an that we are investigating. To do 
this, we choose a series that we know to be convergent or divergent, and 
whose nth term b,, seems likely to behave in a similar way to apn for large 
values of n. Carrying out the check in step 2 of Strategy D11 will then 
show whether or not our guess of °°; bn was suitable. This is illustrated 
in the next worked exercise. 


Worked Exercise D36 


Determine whether each of the following series converges or diverges. 


= Í X n+5 
(a) LAFI (b) Dem 
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Both a, and b, are positive, and 


An 1 1 
bn 2/n+1/ yn 
o vn 
 2/n+1 
1 
— 2+1/yn 


®. This follows from the Combination Rules for sequences since 
(1/,/n) is a basic null sequence. .& 


Since X> (1//n) is divergent, it follows from part (b) of the 


1 
- £0. 


[0.6] 
Limit Comparison Test that SS is divergent. 
m=i 


1 
2/n+1 


On F 
®. For large n, the expression is approximately 
—n 


3n 

m 
3n4 3n?’ 
rather like 1/n° for large n. We know that the series X72; (1/n?) 
is convergent. © 


so we guess that the terms of this series behave 


We use the Limit Comparison Test with 


n+5 
Ca ree tor 7 = Dose. 
and 
bn = =, forn=1,2,.... 
n 


Both a, and bpn are positive, and 


An n+5 3 


On el 
o nt +5n3 
m a 
1+5/n 1 
2 E 
Een 


®. This follows from the Combination Rules for sequences since 

(1/n) and (1/n?) are basic null sequences. © 

Since >°°_,(1/n3) is convergent, it follows from part (a) of the 
i) se 

3nt-n 


co 
Limit Comparison Test that yy 


m=i 


is convergent. 
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In the next exercise you can practise using the Comparison Test and the 
Limit Comparison Test. If you can see a direct comparison with a series 
which you know to be convergent or divergent, then you can use the 
Comparison Test. If the terms of the series just behave like the terms of a 
known series for large values of n, then you should use the Limit 
Comparison Test. 


Exercise D47 


Use the Comparison Test or the Limit Comparison Test to determine 
whether each of the following series converges or diverges. 


1 1 n+4 
Oley Voa “Serene 
(a) D cos (On) 

n=1 


Our next test for convergence is motivated in part by the properties of 
geometric series. Recall that the geometric series 


oO 
atartar?+---= 5 ar”, where a Æ 0, 
n=1 


is convergent if |r| < 1 but divergent if |r| > 1. 


Theorem D32 Ratio Test 


co 
a 
Suppose that ) an has positive terms and that SEEL as m= 69; 
an 
n=) 


0O 
(a OS 1) then > an is convergent. 


m= 


OO 
(œ Tit i or l= oo, then ` an is divergent. 


i=l 


Proof (a) We know that 0 < l < 1, so we can choose £ > 0 such that 
lexi; 


(For example, we can take € = $(1—1).) Let r =l +e. Since r >l, 
there is a positive integer N such that 


a 
Ae r, foralln >N. 
an 
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This is illustrated in Figure 6. Thus, for n > N, we have 


a a An— a 
an ( n ) (=) (=) < aN, 
aN ûn—1 An—2 an 
since each of the expressions in brackets is at most r. Hence 


Qn Sanr N, forn>N. (5) 


Now 


co 
X anr” N =ay +anrt+ayr?+::: 
n=N 


is a geometric series with first term ay and common ratio r. Since 
0 <r <1, this series is convergent. Thus, by inequality (5) and the 
0O 


Comparison Test, J an is also convergent, as required. 
n=1 


Since 


Qn+1 An+1 
— >o or >l, 
an, an 


where l > 1, there is a positive integer N such that 


eo for alln > N, 
an 


as shown in Figure 7. Thus, for n > N, we have 


a a An— a 
oo = ( +) (=) (2#) =: 
aN an-1 an—2 an 


since each of the expressions in brackets is at least 1. Hence 


an >an>0, forn>N, 


so (an) cannot be a null sequence. It follows, by the Non-null Test, 
OO 


that > an is divergent. |_| 


n=1 


Remarks 


ih; 


With the Ratio Test, we concentrate on the series }°°°_, an itself and do 
not need to compare it with some other series J>% bn. 


. Ifl = 1, the Ratio Test gives us no information on whether the series 


converges. (That is, the Ratio Test is inconclusive if l = 1.) 
1 

For example, if a, = — then 
n 


An+1 n 


an à n+l 1+i1/n 


and we have seen (in Worked Exercise D32) that the series }°°°_, (1/n) 
diverges. 


>+>lasn->oo 


14 e 
l+ e4 7 
l E 
|_-_ a Bee 


Figure 6 ‘The sequence 
diagram for (@n41/an) if 
O<l<l 


Figure 7 ‘The sequence 


Sy 


diagram for (@n41/a,) ifl >1 
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Jean le Rond d’Alembert 
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On the other hand, if a, = = then 
n 


An+1 = n? 1 


an (n+1)? ~ 1+4+2/n+1/n? 


but as we have seen (in Worked Exercise D33), the series X>% (1/n?) 
converges. 


=> l as n > œ, 


. When using the Ratio Test, we obtain a,41 by replacing each instance 


of n by n+ 1 in the formula for an. 


The Ratio Test was first published by the French mathematician Jean 
le Rond d’Alembert (1717-1783) in 1768. D’Alembert’s interest in 
mechanics led him to take a Newtonian view of the foundations of the 
calculus, and he was among the first to regard the method of limits as 
fundamental. He was the editor of the mathematical and scientific 
articles in the Encylopédie — a remarkable series of volumes which 
constitutes one of the major documents of the Enlightenment — and 
wrote many of the articles himself, including the ones on Differéntiel 
and Limite. 


Worked Exercise D37 


Use the Ratio Test to determine whether the following series are 


convergent. 
[oe] (oe) 
n 10” 
(a) mo $ `> TT 
n=1 n=1 
Solution 
(a) Let 
On = TOE mw = I, Deaan 


gn?’ 
Then a, is positive, and 
Cred Mme 2 


= i 
Chin 2n+1 n 


CO 
Since 0 < = < 1, it follows from the Ratio Test that Se 5 is 
m= 
convergent. 


(b) Let 
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Exercise D48 


Use the Ratio Test to determine whether the following series are 


convergent. 
n ae 2n)! 
oby or ors 
n=1 ` n=1 ` n=1 


Hint: In part (c) you need to use the fact (from Unit D2) that 
(14+ 1/n)" > e as n > oo. 


2.2 Basic series 


When studying sequences in Unit D2, we made great use of a library of 
basic sequences. You will now see that there is also a library of basic series 
whose convergence or divergence is known. We can determine the 
convergence or divergence of a large number of other series from these 
basic series by using our tests. 


Theorem D33 Basic series 


The following series are convergent: 


=i 
a —, forp>2 
(a) aE p 
co 
(b) yo fon Oe <= Il 
w= 
CO 
(c) eS tor pi 00) era ll 
m= 


Ge 
(d) ae tone 2 0) 


n=l 


The following series is divergent: 


Zdi 
=, fr0<p<l1. 
(e) 2 or0<p< 
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Proof (a) This series is convergent, by the Comparison Test, since if 
p > 2, then 


1 1 
— < —, forn=1,2.,..., 
n? T n2 


and the series }*°°_,(1/n”) is convergent. 


(In Unit F3 Integration we will prove that }>°°_,(1/n?) is convergent, 
for all p > 1.) 


(b) The series $% c” is a geometric series with common ratio c, 
so it converges if0 <c< 1. 


(c) Let 
Hie, WH 
Then put b = yc and express an as 
ün =N (0X b) = (n0); forvwi=1,2,.+.. (6) 


Now 0 < b < 1, so (n?b") is a basic null sequence. Hence, for some 
positive integer N, we have 


nb" <1, forn > N, 
and thus, by equation (6), 
an <b", forn>N. 


But > b” is a convergent geometric series, so pacar An 1S 
convergent by the Comparison Test. 


(d) Let 

Si NML 2 
n! 

If c = 0, then the series is clearly convergent. For c Æ 0, 


ani n+l / cn ctl n! c 


an (ntl) n! (m+! e ntl’ 
Thus 

antt o as n — œ 

an 


oO n 
C 
and we deduce from the Ratio Test that ` — is convergent. 
n! 
n=1 


(e) This series is divergent by the Comparison Test, since if p < 1, then 


1 1 
—>-, forn=1,2,... 
n? n 
and X> (1/n) is divergent. a 
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Exercise D49 


Verify that the following are all basic series, stating their type according to 
the list in Theorem D33 and giving the values of any parameters p and c. 
Hence determine which of the series are convergent. 


L 2r < 1 < 1 An 
(a) a (b) DP (c) D3 (d) dm 


© a 
n=l 


3 Series with positive and negative 
terms 


The study of series ` an with a, > 0 for all values of n is relatively 
straightforward because the sequence (sn) of partial sums is increasing. 
Similarly, if a, < 0 for all values of n, then (sn) is decreasing. 


It is harder to determine the behaviour of a series with both positive and 
negative terms because (sn) is neither increasing nor decreasing. However, 
if the sequence (an) contains only finitely many negative terms, then the 
sequence (sn) is eventually increasing, and we can apply the results of 
Section 2. Similarly, if (an) contains only finitely many positive terms, 
then the sequence (sn) is eventually decreasing, and we can again apply 
the results of Section 2 to the series “°°. ,(—a,,). For example, the 
convergence of the series 


1 1 1 
42 52 6 
follows from that of X% (1/n?), by the Multiple Rule with \ = —1. 


In this section we look at series such as 


1,1 1,1 1, 
9° 3 4 5 6 


and 

1 1 1 1 1 

‘toe gte p gt 

which contain infinitely many terms of either sign. For such series the 
partial sums alternately increase and decrease infinitely often (so the snake 
discussed in Subsection 1.1 grows and shrinks infinitely often!). We give 
two methods which can often be used to prove that such series are 
convergent. 
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Series 


3.1 Absolute convergence 


Suppose that we want to determine the behaviour of the infinite series 


pee E ee ee EE ee ee (7) 


mC ge ge ge ga 


32 42 


n=1 
We know that the series 


ee | 1 1 4 1 7 
Dea a a (8) 
n=l 


is convergent. Does this imply that series (7) is also convergent? In fact it 
does, as we now prove. 


Consider the two related series 
1 1 

be Orsay) Or ga 0 bee 

and 
1 1 1 

Ota tOtBtOtat. 
Each of these series contains only non-negative terms and is dominated by 
series (8), so they are both convergent, by the Comparison Test. Applying 
the Sum Rule for series, and the Multiple Rule for series with \ = —1, we 
deduce that the series 

1 1 1 if 1 

-ata pta g 


is convergent. 


1 aie 


The type of argument just given is the basis for a concept called absolute 
convergence, which we now define. 


Definition 
[0.6] OO 

The series bD an is absolutely convergent if > |an| is convergent. 
w= (i=l 


If the terms a, are all non-negative, then absolute convergence and 
convergence have the same meaning. 
The series (7) is absolutely convergent because the series XDS} (1/n?) is 
convergent. However, the series 
OO 
(<1)""* 1 1 1 1 1 
S ee HH 9 
= n 2 3 4 5 6 (9) 


is not absolutely convergent because the series }*°°_,(1/n) is divergent. 


As the name suggests, every absolutely convergent series is convergent. 


3 Series with positive and negative terms 


Theorem D34 Absolute Convergence Test 


oO oO 
If > an is absolutely convergent, then > an is convergent. 


nN n=l 


Proof We know that 5°°°, |a,,| is convergent, and we want to prove that 
X>] Gn is convergent. 


To do this, we define two new series °°, bn and S>°°., cn, where 
Gn, if adn > 0, 0, if an > 0, 
Cnr = 
0, ifan<0, ”  \—-an, ifan <0. 


Both the series }>?°_, bn and X>} Cn have non-negative terms, and 
Ue < lanl; for n=l; 2.640% (10) 
and 


Cee (Ol. for m= Ties (11) 


Since }*°°., |an| is convergent, we deduce that °°? bn and S°°_, Cn are 
convergent, by the Comparison Test. Thus 


OO OO 0O [0,6] 
> an=) (Onen) =) bn — en (12) 
n=1 n=1 n=1 n=1 

is convergent, by the Combination Rules for series. | 


Because )*°°_,(1/n”) is convergent, it follows from the Absolute 
Convergence Test that series (7) is convergent, as we have already seen. 
Indeed, however we distribute the plus and minus signs amongst the terms 
of the sequence (1/n?), the resulting series is convergent. 


However, the Absolute Convergence Test tells us nothing about the 


behaviour of series (9), nor about similar series such as 


idee eer ae veers: a (13) 
2 3 4 5 6 7 8 9 l 


The series X>; (1/n) is divergent, so these two series are not absolutely 
convergent. You will see later how to use other methods to determine 
whether series (9) and (13) are convergent. 
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Worked Exercise D38 


Prove that the following series are convergent. 


(oe) (oe) 
(—1)"*+ cosn 
Oa ee 
n=1 n=1 
Solution 
(a) Let 
ii n+1 
Op = ( y » tor ja = I, eoc 
n 
Then 
1 
lan| =-=; forn=1,2,.... 
n 


We know that )>°°_,(1/n?) is convergent, so by the Absolute 
Convergence Test, 


es (= 
yD >; is convergent. 
m= K 
(b) Let 
(0) 
w= forn = We PA coon 


®. In this case we use the fact that |cosn| < 1 to get an upper 
bound for the size of |a,,|. We can then use the Comparison Test 
to show that J` |an| is convergent. & 


Then 
il 
lanl = T form = 2a 
pecauselllcosm < forn = 1,2,.... 
Since }>°° ,(1/2”) is a basic convergent series, it follows from the 
Comparison Test that X7 |an| is convergent. Hence, by the 
Absolute Convergence Test, 


(oe) 


cosn , t 
J oe is convergent. 


m= 


Exercise D50 
Prove that the following series are convergent. 


OO 

(-1)"t!n 1 1 1 1 1 

ier ee b ap a a a a 
cp? n? Bi wae ar a T 
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The Absolute Convergence Test states that if the series X` |a,| is 
convergent, then ` an is also convergent. The following result relates the 
sums of these two convergent series. This result generalises the Triangle 
Inequality for n real numbers, 


Jar +ag+---+an| < |ar| + laa] +--+- + lanl, 
that is, 


n n 
2 a| < 9 lal, 
k=1 k=1 


which you met in Subsection 3.1 of Unit D1 Numbers. 


Theorem D35 Triangle Inequality (infinite form) 


(oe) 
If > an is absolutely convergent, then 


m= 
loo) lee) 
> an| Sd lanl 
mll p= 


Proof We use the series X7} bn and $L] Cn, introduced in the proof 
of the Absolute Convergence Test. Since the numbers bn and cn are all 
non-negative, we obtain the following inequalities from equation (12): 


oo oo oo 
= ‘2 Cn < y ün S bn 
n=1 n=1 n=1 


Thus, by inequalities (10) and (11), we deduce that 


oo oo oo 
-> lanl < $an < $ lanl, 
n=1 n=1 n=1 


which gives the required inequality 


oo oo 
> an| < $ lanl; 
n=l n=l 


Exercise D51 
Show that the series 
1 1 1 1 1 1 
a a as aa + ee fe 
2 4 8 16 32 64 
is convergent, and that its sum lies in the interval [—1, 1]. 
(In this series the signs of the terms are +, —, —, repeated infinitely often. 


You do not need to find the sum of the series.) 
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Sh 
1-4 e 
e 

s e 
1 ° z 
z371 e 

T T T T T T 

123 4 5 6 


Figure 8 ‘The sequence 
diagram for (sn) 
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3.2 Alternating Test 


Suppose that we want to determine the behaviour of the following infinite 
series, in which the terms have alternating signs: 


aa a oo on (14) 
no è = 2'3 4 5 6 i 


n=l 
(You met this series earlier as series (9).) The Absolute Convergence Test 
does not help us with this series because X>; (1/n) is divergent. In fact, 
series (14) is convergent. To see why, we first calculate some of the partial 
sums and plot them on a sequence diagram: 


s1 =1, 
1 : 0.5 
sg=1—--==0. 
2 2 , 
=1 1 ogg 
§3 = 2 3 : > 
=| ae 0.583 
Sern Wi eee 
=1 ae : l L 0.793 
amenta Ap ee 
1 ae paud 0.616 
se = =en 
eG 2°3 4 5 6 


The sequence diagram is shown in Figure 8. This suggests that the odd 
subsequence (s2,—1) is decreasing: 


S1 2 83 2 85 A È S2k-1 20t, 


and that the even subsequence (s2) is increasing: 


So < S4 L s6 L L Sop L. 


Also, the terms of (s2x—1) all exceed the terms of (s2), and both 
subsequences appear to converge to a common limit s, which lies between 
the odd and even partial sums. 


To prove this, we write the even partial sum s2ẹ as 


E ae Ces ern eee 1 
cee 2 3° 4 2k—-1 2k) 
All the expressions in brackets are positive, so the subsequence (s2) is 


increasing. 


We can also write 


syl 1 1 1 1 1 
T 2 3 4 5 IÆ 2 2k11] 2k 


Again, all the expressions in brackets are positive, so (s2) is bounded 
above by 1. 


3 Series with positive and negative terms 


Hence, by the Monotone Convergence Theorem, 


lim soz = S, 
k-oo 


for some s. Since 


Sok = S2k—1 — fork =1,2,..., 


1 
2k’ 
and the sequence (1/2k) is null, we deduce that 

li li + : 
1m 1 = 1m — = 
k—>oo pee k-o0o 52k 2k $ 
by the Sum Rule for sequences. Thus the odd and even subsequences of 
(sn) both tend to the same limit s, so Sn + s as n + oo, by Theorem D21 
OO 
—] n+1 
in Unit D2. Hence, the series > (ares is convergent, with sum s. 
n 
n=] 


(In fact, s = log, 2 ~ 0.69 but we do not show this here.) 


The same method can be used to prove the following general result which 
is also called the Leibniz Test. 


Theorem D36 Alternating Test 
Let 
a = N oo n= L2 s; 
where (bn) is a decreasing null sequence with positive terms. Then 


[0.0] 
DS an = b1 — b2 + b3 — b4 +--+: is convergent. 


w= 


Proof We can write any even partial sum sə% as 
S2k = (bi — ba) + (b3 om b4) pose (b2k—1 — bək). 


Since the sequence (bn) is decreasing, all the expressions in brackets are 
non-negative, so the even subsequence (s2%) is increasing. 


We can also write 
Sox = by — (b2 — bg) — (b4 — b5) — ++ — (b2k—2 — b2k—1) — bax. 


Again, all the expressions in brackets are non-negative, so the subsequence 
(Sz) is bounded above by b1. 
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Hence, by the Monotone Convergence Theorem, 
lim so, = $, 
k-0o 

for some s. Since 
Sok = S2k—1 — bor, for k = V2) cay 

and the sequence (bn) is null, we deduce that 
lim sox_1 = lim (sox + box) = 5, 
k= k—=oo 


by the Sum Rule for sequences. Thus the odd and even subsequences of 

(sn) both tend to the same limit s. Hence, by Theorem D21 in Unit D2, sn 
[e.e] 

tends to s, so `> an is convergent, with sum s. E 


n=1 


When you apply the Alternating Test there are a number of conditions to 
check. We now describe these in the form of a strategy. 


Strategy D12 


To prove that X7; an is convergent using the Alternating Test, 
check that 


Gea) bee — lee 
where 
I, Op = O, tor w= 2 voc 
2. (bn) is a null sequence 


3. (bn) is decreasing. 


When you use this strategy and are checking that the sequence (bn) is null, 
you may find it helpful to use the techniques you met in Unit D2, 
including the list of basic null sequences. 


Here are some examples of the use of Strategy D12. 


Worked Exercise D39 


Prove that the following series are convergent. 
n+l n 


(=r < (=1) 
(a) DE (b) 2 mT 


3 Series with positive and negative terms 


Then a, = (—1)"*1b,, where 
b, =f Vn, torn=1,2..... 
Now 
il, O, = O, tor m= 1,2,..- 
2. (b,) is a basic null sequence 
3. (bn) is decreasing, because (1/bn) = (vn) is increasing. 
Hence, by the Alternating Test, 


=. (prH 


————— is convergent. 
2 v 
(b) Let 
(in 
Gi OT fonn = 2 


Then an = (—1)"*1b,, where 


n 


= a MOT? 40) = MP, mac 
Now 
I, Op ZO forn = 1%, oo- 
2. since 
1/n 
m=z as n —> ©, 


(bn) is null 
3. (bn) is decreasing, because 
Ghee 
—|= == 2 
bn n n 
is increasing. 
Hence, by the Alternating Test, 


29 ee 
> De is convergent. 


al 


Exercise D52 


Determine which of the following series are convergent. 


oe a Dee = n+1_” 
(a) > aie (b) ewes, () SUCH) n42 
n=1 n=1 n=1 
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3.3 General strategy 


We now give a strategy for applying the tests for convergence (or 
divergence) of a series. For each test, the strategy briefly indicates the 
circumstances under which that test can be used. 


Strategy D13 


To determine whether a series X` an is convergent or divergent, do the 
following. 


1. If you think that the sequence of terms (an) is non-null, then try 
the Non-null Test. 


2. If }> a, has non-negative terms, then try one of these tests. 


Basic series Is ` a, a basic series, or a combination of these? 

Comparison Test Is a, < bn, where ` bpn is convergent, or 
an > bn > 0, where ` bn is divergent? 

Limit Comparison Test Does an behave like b, for large n 
(that is, does an/bn  L #0), where È` bn is a series that you 
know converges or diverges? 

Ratio Test Does an41/an > l #1? 


3. If $` an has infinitely many positive and negative terms, then try 
one of these tests. 


Absolute Convergence Test Is $` |an| convergent? 
(Use step 2.) 

Alternating Test Is a, = (—1)"*1b,, where (bn) is 
non-negative, null and decreasing? 


Remarks 


1. When applying these tests, you do not need to try to prove that the 
sequence (an) is null (though in the case of the Alternating Test, you do 
need to show that the sequence (bn) is null). 


2. If the terms an of the series X` a, are non-positive, apply step 2 of the 
strategy to the series $` (—aņn) and then use the Multiple Rule with 
A=-l1. 


3. If none of steps 1-3 of the strategy gives a result, then you could try 
using first principles by working directly with the sequence (sn) of 
partial sums. 


4. The following suggestions may also be helpful. 


e If a, is positive and includes n! or c”, then consider the Ratio Test. 


e If a, is positive and has dominant term n”, then consider the 
Comparison Test or the Limit Comparison Test. 


e If a, includes a sine or cosine term, then use the fact that this term is 
bounded and consider the Comparison Test and the Absolute 
Convergence Test. 


Exercise D53 


Determine which of the following series are convergent. 


° 5n +2" S 3 a (yr 
(a) 2, 3n (b) >, 2n3 — 1 (c) > nlog(n + 1) 


4 The exponential function 


In this section you will see how e” can be represented as an infinite series 
of powers of x. This representation is then used to prove that the number 
e is irrational, and also that e*eY = e”™ for any real numbers g and y. 
This section is not assessed and is for reading only. 


4.1 Definition of e” 
In Subsection 5.3 of Unit D2 we defined e = 2.71828... to be the limit 


1 n 
e= lim (1 + 9 : 
n— o0 n 


We also stated that if x > 0, then 


We can now use infinite series to give an alternative definition of e”. 


4 The exponential function 


169 


Unit D3 Series 


170 


Figure 9 shows graphs of the first four partial sum functions 


2 
x 
solz)=1, s(t) =1+e, sa(z)=1+r+ z> sake e 


of the following infinite series of powers of x: 


CO nn 2 3 
x T x 
n=0 
A x? r? 
i 7 /y=s(a)=ltato ta 


Figure 9 The partial sum functions of X> _)(a”/n!) 


We know that series (15) is convergent for all real numbers = since it is a 
basic convergent series of type (a). As the sum of the series depends on z, 
it defines a function of x. If you test different values, then you will find 
that this sum function appears to be e”. In particular, when x = 1, the 
sum of the series 

1 


OO 

1 1 
D a re 
n=0 


is approximately 2.718.... 


It can be proved that series (15) does converge to e” for all x € R and we 
give this result, for x > 0, as our next theorem. If you are short of time, 
then skim read the proof, noting the main points. 


Theorem D37 


If x > 0, then 
Caen) 
>> Z = lim (1+=) ae 
yal n— oo 
n 


Proof We give the proof only for the case x = 1; the general case is 
similar. We have to show that 


2al l Ly” 
>> = = lim 1+ =e 
n! n—>00 n 


n=0 


The nth partial sum of this convergent series is 


gages i i el 
Sn=l+ Tap tat tap so a ae 
n= 


Now, by the Binomial Theorem, we have 


CREAR AERAN (16) 


The general term in this expansion is of the form 


aind R a aE i 


-36-4 (6-4-5) (17) 


where 0 < k < n. This last product is at most 1/k!, since each expression 
in brackets is at most 1, so 


1\” 1 1 
1+—) <14+1+5+---+—5=5n, 
n 2! n! 


by equation (16). Thus, by the Limit Inequality Rule for sequences, 


N7 < 1 
e= lim (1 + z) < im Sn J (18) 


e e 


Keeping m fixed and taking limits of the above inequality as n — oo, we 
obtain 
. 1\" 1 1 
e= lim | 1+- ees oe ee 


by the Limit Inequality Rule. Applying this rule once more to e > sm and 
using the fact that e is a constant, we obtain 


SS 1 Sl 
e> lim sm= > e] JE (19) 
m=0 n=0 
OO 
PSREN a : 1 
Combining inequalities (18) and (19) gives ) =e E 
n! 
n=0 


By Theorem D37, we can use the series } >% _o(x”/n!) as an alternative 
definition of e” for all x > 0. We then define e” for x < 0 as the reciprocal 
of e~*. For example, e~™ = (e")~! = 1/e". 
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Definition 
Forz- 0, 
z a 
os taller) = 
m= 
For x < 0, 


Remarks 


1. The equations 
(oe) 
z] 2i a 
e= lim (1+= =h 
n=0 
are also true if x is negative, but we shall not prove this here. The fact 
that 
OS. a 


T 
=i T for x < 0, 


n=0 
is proved in Unit F4 Power series. 
2. The exponential function x — e” is often called exp and we may write 
exp : R — R 
r= æ. 


4.2 Calculating e 


The representation of e by the infinite series 


err ee tl 
e=1+ Poet git De al 
nS 


provides a more efficient method of calculating approximate values for e 
1 n 
than the equation e = lim (1 + — | . This is illustrated by the following 
noo n 
table of approximate values for e = 2.718 281 82845.... 


n 1 2 3 4 5 
(l+1/n)"|2 2.25 237 2.44 2.49 


2 2.50 2.67 2.71 2.717 


1 1 
S, =1+4+14 z H- +—, n=1,2,..., 


converges to e. The difference between e and spn is given by 
1 1 1 


mT aD GFR Gray 


1 1 1 
=a an eana) 


1 1 1 
go ih ee es |. 
l tatl mrp ) 


The inequality above holds because each term inside the large brackets has 
been replaced by a larger term. The resulting expression is a geometric 
series with first term 1 and common ratio 1/(n + 1), so its sum is 


1 _ n+l 
1—1/(n+1) n 
Hence 
o<e-s< po x MEO xe, for n= 1 2 sss (20) 


Thus the difference between e and sp is extremely small when n is large. 


Inequality (20) can also be used to show that e is irrational. 


Theorem D38 


The number e is irrational. 


Proof We use proof by contradiction. Suppose that e = m/n, where m 
and n are positive integers. Then, by inequality (20), for this particular 
integer n we have 


1 1 
0< e— Sn <— xXx- , 
n! n 


so 
1 
0 < n!(e— sn) < =. 
n 


Since we are assuming that e = m/n, we have 


m 1 1 1 
O<nl{/——-—[{14+1+-—4+.--.-4— < —. 
n 2! n! n 


But the middle expression in this pair of inequalities is an integer, as you 
can check by multiplying it out, so we have found an integer which lies 
strictly between 0 and 1, since 1/n < 1 for n = 1,2,.... This is impossible, 
so e is not rational. o 
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Leonhard Euler in 1737 was the first to prove that e is irrational, 
although his proof, which used continued fractions, was not published 
until 1744. The first proof by contradiction is due to the French 
mathematician Joseph Fourier (1768-1830). It appeared in a 
collection of mathematical results published in 1815 by Fourier’s 
compatriot, Janot de Stainville (1783-1828). 


4.3 A fundamental property of e” 


We complete this section by showing that the function f(x) = e” satisfies 
one of the Index Laws which we stated in Unit D1. If you are short of 
time, then you may prefer to skim read the proof of this result. 


Theorem D39 


For any real numbers x and y, we have e*T¥ = e” e”. 


Proof First we prove the special case where x and y are both positive. 
We have 
2 3 
z Loe i 
e =1+r+ z] + 3] T 
and 
2 2 


y pY 
Yy — 2 2 
Ca ay ta 


The following table contains some of the terms which occur when we 
multiply together partial sums of the power series for e” and e”. 


i yoy? 

Y 2l 3] 

2 3 

y y 

ry? ry? 
g = TY or OBL 
2 r? xy xy? xy? 
gq} af af 221 213! 
r3 r3 xy xy? gy? 
31| 31 31 321 33! 


Adding the terms on the ‘lower left to upper right’ diagonals of the table 
gives: 


1 
THY 

2 2 2 

y? _ (ey) 

ot tet oF J| 

z gy ry yo (ety) 

3! 2! 2! 3! 3! 

gh gn xyr! n r+ n 
or EOY paag ty) 
n! (n-1)! (n=1)! n! n! 


For any positive integer n, the product 


n k n k n n 
(=) ( fr) (reret E) (epee) 
k! k! n! n! 
k=0 k=0 


includes all the terms in the first n + 1 diagonals of the table up to the 
nm 


z 
diagonal beginning —; moreover, all the terms of the product are included 
n! 
TL TL 


g 
in the first 2n + 1 diagonals up to the diagonal containing 2 
nin 
2n 
x 


(Qn)! 


Since x and y are non-negative, it follows that 


(a y" 2 z+y)Ă 
oat (Ee) (Ee) se 


, which 


begins 


k=0 
But 
n 2n 
: (x =F y) — px@+y : (x ae y)" — a 
peg A a a 


Thus, by the Squeeze Rule and the Product Rule, we deduce that 


i 2 2 | = petty 
n> > =| (> F) a 
k=0 

as required. 

If x and y are not both positive, then we can verify the equation 
eveY = et TY 

by rearranging it so that all the powers are positive (using e” = (e~”)~!) 

and applying the special case just proved. For example, if x > y > 0, then 
ee” = eY 


is equivalent to 
e? =e” Ye, 


which is true, since x — y > 0 and y > 0. E 
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Summary 


In this unit you have studied infinite series of the form }*>>°_, an. You have 
seen that such a series is said to be convergent if the sequence of partial 
sums (sn) defined by 


Sn =a, +a2 +: + an 


is convergent, and is said to be divergent otherwise. You have also learnt 
that it is important to distinguish carefully between the sequence (sn) and 
the sequence (an). The Non-null Test tells you that, if a series is 
convergent, then the corresponding sequence (an) must be null; but if you 
know that the sequence (an) is null, then this gives you no information 
about whether or not the series is convergent. 


You have met a number of tests that can be used to determine whether a 
series is convergent and a strategy to help you to work out which test is 
the most appropriate. If all the terms of a series are non-negative, then 
you may be able to use the Comparison Test or the Limit Comparison Test 
to compare with a basic series you know to be convergent or divergent; or 
you may be able to use the Ratio Test. For a series with infinitely many 
positive and negative terms, you may be able to use the Absolute 
Convergence Test or the Alternating Test. 


Finally, you have seen how we can use a particular series to define the 
exponential function e”, enabling us to prove that e is irrational and that 
e*tY¥ = e*e¥. In Book F Analysis 2 you will see how a wide range of 
functions can be defined using series when you study power series and their 
properties. 


Learning outcomes 


Learning outcomes 


After working through this unit, you should be able to: 


explain what is meant by a convergent series X >] an 

write down the sum of a convergent geometric series 

find the sums of certain telescoping series 

use the Combination Rules for convergent series 

use the Non-null Test to recognise certain divergent series 

explain why )7°°.,(1/n) is divergent and )>°°_,(1/n?) is convergent 

use the Comparison Test, the Limit Comparison Test and the Ratio Test 
recognise and use basic series 


explain the term absolutely convergent and use the Absolute 
Convergence Test 


use the Alternating Test 


use the given general strategy for determining whether a series is 
convergent or divergent 


appreciate that there are two equivalent definitions of e” 


understand how the series definition of e” enables us to prove that e is 
irrational, and that e7”+tY = ee¥. 
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Solutions to exercises 


Solution to Exercise D41 Since ((3)”) is a basic null sequence, 
(a) Using the formula for summing a finite tim Sn = 2, 
geometric series, with a = r = —, we obtain ae 

=(1 ye E E aa 

=la tia Pig) Pee ioe) D (4)” is convergent, with sum 2. 
1 1\" = 
_ teal Get-s = 
E {—(_1 You might have anticipated this result, since we 
(—3) 


proved at the beginning of Subsection 1.1 that 
=-40- H") 
4 3 7 oo 


1)? _ 
Since ((—4)”) is a basic null sequence, >, (3) E 
n=1 

ee | 

= Sn = Thus, using the fact that (4)° = 1, we have 
SO ee) lee) 

1\n 1\n 

pase | ; Soa) sisie =? 

x (—3) is convergent, with sum — 73. n=0 n=1 

n=1 . . 

. Solution to Exercise D42 
(b) In this case, 
7 3 z We have 
sn = (=1) + (=1)? + (HI) +-+- + (=1) 14 
Se i aH mga my 
1 1 1 1 2 
= Tyo" axi 2° 6 D 
—1, ifn is odd, 
oS aes it ee E E S 
a a {xd 2x3 3x4 3 2 7’ 

Hence the odd subsequence (s2ķ—1) converges to o 1 1 1 1 3 1 
—1 and the even subsequence (s2,) converges to 0. *4~ [x9 T 2x3 i 3x4 ii 4x5 4 z 20 


Thus (sn) has two convergent subsequences with ‘ . 

different limits, so by the First Subsequence Rule Solution to Exercise D43 

(see Unit D2), (sn) is divergent. It follows that the Using the given identity, we see that 

series )>>°_,(—1)” is divergent. n 
1 1 1 1 

(c) In this case, the first term in the series is ao, Sn = >a kk +2) =5 `> E ha) 

so the nth partial sum is the sum of n + 1 terms. k=1 k=1 

Using the formula for the sum of a finite geometric Thus 


series with a = 1 and r = $, and summing n + 1 1 dl 1 1 
terms, we obtain 1x3 2x4 3x5 n(n + 2) 
m=i ta +--+)" 1 1 11 1 1 

“Wa * la 4) Nr 
y\ntl1 
1(1- (4) ) 
= gf tt) fh Ts 
) ) 4 6 5 7 
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All the terms in alternate brackets cancel, except 
for the first term in each of the first two brackets 
and the second term in each of the last two 
brackets. Thus 


ifi 1 
S= T3 ntl n42)’ 


. 1 1 
Since (=) and (S 


follows that 


7 -If N3 
me Ol To) we 


) are null sequences, it 


SO 


a : j t, with 3 
———!_ 1S5 convergent, wl sum 7. 
n(n + 2) a 4 


n=l 


Solution to Exercise D44 


(oe) 
The series J (—#) is a geometric series with 
n=1 
= 3 — 3 Gj 3) — 3 
a=—y andr=—%. Since | #|= 2 < 1, the 
series is convergent, with sum 


s- 
4 

kasal 
1 


Co 
The seri ef t, with 1; 
e series >, n(n i 1 1S convergent, Wl sum 


see Subsection 1.2. Hence, by the Combination 
Rules, 


D (—3)" — = is convergent 
E n(n + 1) l 
n=1 

with sum -3 —- (2x 1) = -7, 


Solution to Exercise D45 


(—1) Hin? n2 
ea ae so that janl = m21 . 


By the Combination Rules for sequences, 


Let an = 


2 
. n ae =i 
eet «Slee 


so the sequence (an) is not null. 


Solutions to exercises 
Hence, by the Non-null Test, 


o se tin? 
> Qn? +1 


n=l 


is divergent. 


Solution to Exercise D40 


Let 
= i, J 1 
Sn = Pa ge utz 
and 
1 1 1 
in=ltotagat +c. 


The values of the first eight partial sums are given 
below to two decimal places. 


nı 2 3 4 5 6 7 8 


S, | 1 1.5 1.83 2.08 2.28 2.45 2.59 2.72 
tn | 1 1.25 1.36 1.42 146 1.49 1.51 1.53 
The sequences are plotted below. 
A 
e 
é e 
(Sn) ° 
27 e 
í (tm) o 
o 7 a 
14 o 
EF 
12345678 ” 


Solution to Exercise D47 


(a) We guess that this series is dominated by 
E (1/n?). We have 


n +n >n? >00, forn=1,2,..., 
so 
1 a 
0< — LE for = l 2k 
m+n n 


Since $2] (1/n3) is convergent, we deduce from 
the Comparison Test that 


co 
> 3 is convergent. 
n? +n 
n=1 
(b) Let 
1 
An = for m= 1,2,.... 
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We guess that the terms of this series behave like 
1/n for large n, and we know that }°°°_,(1/n) is 
divergent. We cannot compare an and 1/n directly, 
so we use the Limit Comparison Test with 


AER forn =1,2,.... 
n 
Both a, and 6, are positive and 
An 1 n 
bn nyn “T 
n 


n+yn 
1 
1+1//n 


Since X7; (1/n) is divergent, we deduce by the 
Limit Comparison Test that 


+10. 


co 


1 
5 ne is divergent. 
n=1 
(c) Let 
n+4 
mT nET forn = 1,2,.... 


We guess that the terms of this series behave like 
n/n? = 1/n? for large n, and we know that 
SL (1/n?) is convergent. We cannot compare an 
and 1/n? directly, so we use the Limit Comparison 
Test with 


1 
bn =, 
nm n2 


forn =]; 2k 
Both a, and 6, are positive and 


an n+4 2 
bn 2nF—n4+1 


1+4/n 1 
ee ei, 
2—1/n2+1/n3 2 i 
Since $2] (1/n?) is convergent, we deduce by the 
Limit Comparison Test that 


oe) 


y n+4 : A 
—,——~ is convergent. 
2n3 —n+1 8 

n=l 
(d) We guess that this series is dominated by 
5 (1/n3). Indeed, since 


0 < cos?(2n) < 1, forn=1,2,..., 
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we have 
2 
2 1 
se AAT cs 
n n 


Since $] (1/n3) is convergent, we deduce by the 
Comparison Test that 


3 cos?(2n) 
n3 


n=1 


is convergent. 


Solution to Exercise D48 
(a) Let 


—, n=1,2,.... 
Then a, is positive and 


Qn41 (n+18} n! 
= x 
ün (n+1)! nè 
E (n+ 1)3 
~ (n+1)n3 
n?+2n+1 1 2 1 


ee ee, 
n3 n n2? nè 


Hence, by the Combination Rules for sequences, 
An+1 
an, 
Thus, by the Ratio Test, 
(oe) n3 ; 
ip — is convergent. 
n! 


n=1 


(b) Let 


>O0 asn > oœ. 


5 N= [2an 


Then a, is positive and 


o (n+1)?2"+1 < n! 
an — (n1)! n?2n 


Hence, by the Combination Rules for sequences, 


An+1 


An+1 
an 


Thus, by the Ratio Test, 


n! 
n=1 


>O0 as n > oœ. 


is convergent. 


Solutions to exercises 


Let “1, as 
(c) Le as (c) >. aap isa basic divergent series of type (e), 
n): n=1 
are Ty Des aa with p= 2. 
Then a, is positive and 


[0,6] 
n 
(d) — is a basic convergent series of type (c), 
anı Q(n+1))! X n” 2 ae 


= n=1 
an (n+1)r+! (2n)! with p = 1 and c = Z. 
_ (2n+2)!n” % 
~ (n+1)+ (2n)! (e) 2, T is a basic convergent series of type (b), 
_ (2n +2) (2n + 1)n” o nl 
= ~ p nyA with c = . 


— 2(2n+1)n™  4n+2 : , 
“mar (eine Solution to Exercise D50 


Now (a) Let 
f ( 1)” tin 

lim (1+1/n)"=e and tim es 0, an mal V 
so ((1+1/n)"/(4n + 2)) is null, by the Product Then 
Rule. i= TA for n = 1,2, 
We deduce by the Reciprocal Rule that + 

Angi Now 

P => oœ asn—> oo; ii m 

n i ae forn =1,2,..., 


see Subsection 4.3 of Unit D2. 
Hence, by the Ratio Test, 


OO 
2n)! 

J vy is divergent. 
nr 


n=1 


ivel hat 
Alternatively mate ae By the Absolute Convergence Test, it follows that 


| _ 
(2m)! > (=) (= =) = (=) (ayy 
n n n n > > is convergent. 


3 
si =m n? +1 


and X% (1/n?) is a basic convergent series. 
Hence, by the Comparison Test, 


X n 
is convergent. 
>, n3 +1 

n= 


OO 
oy by The Nonm Teat, (b) If we write this series as i an, then 


OO 
2n)! n=0 
5 n is divergent.) 
n” 


1 
n=1 lan] = oa for n = 0,1,2,.... 
Solution to Exercise D49 Since 7°? _9(1/2") is a basic convergent series, it 
© on follows from the Absolute Convergence Test that 
(a) > T is a basic convergent series of type (d), 00 
ape . `> an is convergent. 
with c = 


n=0 


[oe] 
1 
b —, is a basi t series of 
(b) J -zyz ÍS a basic convergent series o 
n= 


type (a), with p = 3. 


181 


Unit D3 Series 


Solution to Exercise D51 
If we write the series as ) 7} an, then 
1 
lanl = oa? for n = 1,2,.... 


Since } 7; (1/2”) is a basic convergent 
(geometric) series, it follows from the Absolute 
Convergence Test that X7] an is convergent. 


By the infinite form of the Triangle Inequality, we 


have 
Co co Co 
1 1/2 
Soan si lel Oe 1-1/2 = 
n=1 n=1 n=1 


(a) Let 
=i n+l 
an = ( i y forn=1,2,.... 
n 
Then an = (—1)"*1b,, where 
1 
bn = PETET forn =1,2,.... 
n 
Now 


lbn > 0, form = 1,2,.-. 
2. (bn) is a basic null sequence 
3. (bn) is decreasing, because (1/bn) = (nt) is 


increasing. 
Hence, by the Alternating Test, 
3 (=i? 
-———— is convergent. 
m/s 
(b) Let 
(—1)"*1 
Ce a cag foe forn=1,2,.... 
Then a, = (—1)"*1b,, where 
bn = : f =l2 
= Se or w= 1,2). 20 
Now 


1. by, > 0, for n = 1,2,... 
2. (bn) is a null sequence by the Squeeze Rule, 


since 


0< l m- f =1,2 
Sani = or w= 1,2).2%. 
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3. (bn) is decreasing, because (1/b,) = (n + n!/?) 
is increasing. 
Hence, by the Alternating Test, 


asd (=1 n+l 


> ——— is convergent. 
1/2 
L any 
(c) Let 
—1 n+l 
An = ( ae forn = 1,2,.... 
n 
Then 


an| = = 1 40 
"S nra 14+2/n i 


Hence, by the Non-null Test, 


OO 

Í n+1 
> an is divergent. 
n=l eo 


(Notice that if you try to apply the Alternating 
Test here, by writing an = (—1)"t'b,, where 
n 
bn = aD? forn =1,2,..., 
then you find that (bn) is not null, so the 
Alternating Test cannot be used. Indeed, the series 


X>] an is divergent, as the Non-null Test shows.) 


Solution to Exercise D53 


(a) We have 

nt 2 en (QP + (@)", for n= 1,2... 
Now 

So n(3)" and DG” 

n=1 n=1 


are both basic convergent series. Thus, by the 
Combination Rules for series, 


X 5n + 2” . 
iD zn is convergent. 
n=1 


(b) We guess that the terms of the series behave 
like 1/n° for large n, so we use the Limit 
Comparison Test with 

3 


——., forn=1,2,... 
2n — 1 


an = 


and 


bn =1fn?, forn=1,2,.... 


Both a, and b, are positive and 


An 3 o 
b, 2n?—-1° 1 
3n3 3 3 
= —_ = > 0. 
2n3—1 2-—1/n3 3” 


Since 5>°°_,(1/n3) is a basic convergent series, we 
deduce from the Limit Comparison Test that 


oO 


3 . 

» | is convergent. 
(c) We use the Alternating Test. 
Let 

—1)”+1 
= —— forn =1,2,.... 

Then a, = (—1)"*'b,, where 

bn = er forn =1,2,.... 

nlog(n + 1) 

Now 


1. b, > 0, forn = 1,2,... 
2. (bn) is a null sequence, by the Squeeze Rule, 


since 
0< : < l 
~ nlog(n+1) 7 
3. (bn) is decreasing, because 
(1/bn) = (nlog(n + 1)) is increasing. 
Hence, by the Alternating Test, 
(yet 


2 nlog(n + 1) 


nlog 2’ 


is convergent. 


m=] 
(d) Let 
= n+ln2 
= ( Dan , forn=1,2,.... 
Then 
n? 1 
= —— = —— 5 -1F 0. 
eal ead Irma 
Hence, by the Non-null Test, 
[0,6] 
DS an is divergent. 
n=1 
(e) Let 
—1)"t1y 
An = ee forn=1,2,.... 


forn =1,2,... 


Solutions to exerc 
Then 
eal = 2 , forns 1,2.. 
3+5 
Thus 
n 1 
< — = —, f eh) eee 
|an| == n3 m2? or n 94) 


Since X` (1/n?) is a basic convergent series, we 
deduce by the Comparison Test that 


oe) 


> |a,| is convergent. 


n=l 


Hence, by the Absolute Convergence Test, 


> (—1)"t!n 
ne +5 


is convergent. 


n=1 
(f) Let 
gn 
an= -5; forn=1,2,.... 
n 


Then a, is positive and 


1 nê 

= 

an 2 , 
since (n°/2") is a basic null sequence. So, by the 
Reciprocal Rule, an — oo. Hence, by the Non-null 
Test, 


OO gn 

J — is divergent. 
n 

n=l 


ises 
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Unit D4 
Continuity 


Introduction 


In Unit A4 Real functions, graphs and conics you studied techniques for 
sketching the graphs of many common real functions. For this purpose, we 
made various assumptions about these graphs — in particular, that they 
have no gaps (except ‘obvious’ ones at asymptotes). In this unit you will 
see how to justify this assumption by using the concept of a continuous 
function and showing that many familiar functions are continuous. This 
concept is important in analysis because, in many cases, the easiest way to 
prove that a function has a property which may seem intuitively obvious is 
to use the fact that the function is continuous. 


1 Operations on functions 


This section gives an overview of the various fundamental operations on 
functions: forming combinations, composites and inverses of functions. 
These operations were discussed in more detail in Book A Introduction. 


We begin with a brief review of notation and basic terminology. In this 
unit we are concerned with real functions, that is, functions whose domain 
and codomain are subsets of R. Such functions can be specified in various 
ways. For example, the function 


f:R-—{0}— R 
xz 1/r 


can also be written as 


f(x) =1/e (€R - {0}), 


where the codomain of f is assumed to be R. It can also be written simply 
as 


f(x) = 1/2, 


where now the domain of f is assumed to be the set of values of x for 
which 1/z is defined, that is, R — {0}, and where the codomain is R. These 
notations illustrate the following convention, which you met in Unit A4. 


Convention for real functions 


When a real function is specified only by a rule, it is to be understood 
that the domain of the function is the set of all real numbers for 
which the rule is applicable, and the codomain of the function is R. 
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Recall that, if A and B are subsets of R and f : A — B is a real function, 
then 


e the image set of f is the set f(A) = {f(xz): a € A} 


e f is one-to-one if each element of f(A) is the image of exactly one 
element of A 


e fis onto if f(A) = B. 


The above convention for real functions is concise and we often use it. 
Sometimes, however, if we want to assert that a function has a particular 
property, then we may need to restrict its domain or codomain. For 
example, the function 


f(x) = singz 


has domain and codomain R, by our convention, but it is neither 
one-to-one nor onto. However, the function 
g: [—1 /2, 7/2] —_ [Ly 1] 
zr — sing 


has the same rule as the above function f, but g is both one-to-one and 
onto. 


When we say that a function f is defined on a set I (usually an interval), 
this means that the domain of f contains the set I. For example, the 
function f(x) = 1/z is defined on [1,2], but not on [—1,1]. The definitions 
and notation for the various types of interval (open, closed, half-open) are 
given in the module Handbook; we make frequent use of them in this unit. 


1.1 Sums, products and quotients of 
functions 
Let f and g be the functions 
f(x) =1/e (xe€R-{0}) and g(æ)=sinz (z €R). 


The graphs of these functions are shown in Figure 1. 


y=sing 


(a) (b) 
Figure 1 The graphs of (a) y = 1/a and (b) y = sin z 


We use the expressions f +g, fg and f/g to denote the functions 
(f+ 9)(x) = f(z) + g(x) = 1/x +sing (« €R- {0}), 


sin x 


(f9)(2) = flx)g(x) = —— (zeR- {0} 


(4)@-- ~_ (4 €R—{nt:n€Z}). 


glx) xsing 


The domains of f + g, fg and f/g include only those points at which f 
and g are both defined. (We often use the word ‘point’ to mean ‘number’.) 
Also, when forming the quotient f/g, we must exclude from the domain all 
the points x such that g(x) = 0. The formal definitions are as follows. 


Definitions 


Let A and B be subsets of R and f : A — R and g : B — R be 
functions. Then 


e the sum f +g is the function with domain AN B and rule 
(f + 9)(x) = f(z) + g(x) 

e for À € R, the multiple Af is the function with domain A and rule 
(Af) (x) = Af (x) 

e the product fg is the function with domain AN B and rule 
(f9)(x) = f(x)g(z) 

e the quotient f/g is the function with domain 
ANB- {zx : g(x) = 0} 

and rule 


(f/9) (a) = f(w)/g(@). 


Often we wish to form the sum, product or quotient of functions f and g 
which have the same domain, A say. In this case, A is also the domain of 
f +g and fg, and the domain of f/g is A— {x : g(x) = 0}. 


Exercise D54 


Let f and g be the functions 
f(z)=e” (xeR) and g(x)=tanxz (a € (—7/2,7/2)). 


Determine the domain and rule of the functions f +g, fg and f/g. 
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1.2 Composite functions 


Let f and g be functions. Then the composite function go f is the 
function defined by the rule 


(9° f)(x) = 9(f(@)), 


where we apply first f and then g. Again, we must exclude from the 
domain all the points x which lead to an expression that is not defined. 


For example, if 
f(x)=1/x (xeR-{0}) and g(z)=sinz (x €R), 
then go f is the function 
sl 
(go f)(z) = sinz (x € R- {0}), 
whereas f o g is the function 
(f ° g)(z) = 


The graphs of go f and f o g are shown in Figure 2. 


= s ER- nE Z}). 
Sng 7 COsee# (Cx {nt :n € Zh) 


SE 


il 
Figure 2 The graphs of (a) y = sin — and (b) y= 
a 


More generally, if f : A — R and g : B — R, then g(f(z)) is defined if 
and only if x lies in the domain of f and f(x) lies in the domain of g, as 
illustrated in Figure 3. 


domain of f(A AB image set of 
gof gof 


Figure 3 The domain and image set of a composite function 


Definition 
Let A and B be subsets of R and f : A — R and g : B — R be 
functions. Then the composite go f has domain 


{xe A: f(x) € B} 
and rule 


(9° f)(x) = 9(f(@)). 


This definition allows us to form the composite of any two functions, 
though in some cases the domain of the composite is the empty set @. For 
example, if 


f(z) =—-a?-1 (cER) and g(xz)=Vz (x € [0,00)), 


then f(R) c (—oo,—1] which has empty intersection with [0, 00), the 
domain of g. So the domain of the composite function go f is Ø. 


Frequently, however, it happens that the image set of f is a subset of the 
of the domain of g; that is, f(A) C B. In this case, the set A is also the 
domain of go f. 


Exercise D55 


Let f and g be the functions 
f(x)=VJVa (xe€[0,c)) and g(x)=sinz (xeER). 


Determine the domain and rule of the composites f o g and go Ô. 
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Figure 4 The graph of y = 2x 


Figure 5 The inverse function 
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1.3 Inverse functions 
Let f be the function 
f(z) =22 (xeR). 


The graph of f is shown in Figure 4. For each number y in R, there is a 
unique number x = y/2 in the domain of f such that 


f(z) =f ($) =2x Bay. 


The corresponding function g(y) = y/2 is called the inverse function of f 
because it undoes the effect of f; that is, 


g(f(z)) =x, forreR, 


and 


figy))=y, foryeR. 


However, not every function has an inverse function. For example, consider 
the function 


f(x) =a? (eR). 


Since f(2) = 4 = f(—2), we cannot assign a unique value x in the domain 
of f such that f(x) = 4. The problem here is that this function f is not 
one-to-one. In general, it is possible to define the inverse function of a 
function only if that function is one-to-one. 


We now give the definition of the inverse function, illustrated in Figure 5. 


Definition 
Let A C R and f : A — R be a one-to-one function. Then the 
inverse function f~t of f has domain f(A) and rule 


f(y) =2, where y = f(z). 


For some functions f, we can find the inverse function f~t directly by 
solving the equation y = f(x) algebraically to obtain x in terms of y. 


Worked Exercise D40 


Prove that the following function has an inverse function, and find the 
domain and rule of this inverse function: 


o= == petai) 


l-z 


Solution 
®. We solve the equation y = f(x) to obtain x in terms of y. © 


Let 


_ il 
aa 


Rearranging this equation, we obtain 


1 1 

y= = ==l—% 
I =a y 

1 

Ss alls, 

y 


®. This means that each value of y is the image of exactly one value 
of x, namely x = 1 — 1/y. @ 


This shows that f is one-to-one, so f has an inverse function with rule 
S= iy 

®. To determine the domain of f~! we must find the image set of f. 
A sketch of the graph of f is shown below. 


(—oo, 1) eee 
From the graph, it appears that the image set of f is (0,00). To prove 
this, we first show that f((—oo,1)) is a subset of (0,00). & 
For each x in the domain (—oo, 1), we have x < 1, so 
il 
Thus f((—oo, 1)) € (0,00). 


®. Next we show that (0,00) is a subset of f((—oo,1)). Taken 
together, these results show that the image set of f is (0,00). & 


=> 0. 


On the other hand, for each y in (0,00), we have 1/y > 0, so 
1 
x =1-— -= € (—oo, 1). 
y 


Thus f((—oo, 1)) 2 (0,00), so it follows that f((—oo, 1)) = (0,00). 


Hence the domain of f~! is (0,00), so 
1 
Pe) =1-= (z € (0,00). 


®. We have used x instead of y here to conform with the usual 
practice of writing x for the domain variable when defining a 
function. © 
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Notice that the graph y = f~!(z) is always obtained by reflecting the 
graph y = f(x) in the line y = x. This is illustrated in Figure 6 for the 
functions f and f~! from Worked Exercise D40. 


Yh 


Figure © ‘The graphs of the functions in Worked Exercise D40 


Exercise D56 


Prove that the following function has an inverse function, and find the 
domain and rule of this inverse function. 


zr+3 
fw) = = 


Hint: It may help to write 
5 
r+3 SA 


(x € (2,00)) 


Proving that a function is one-to-one 


We have seen that if f : A — R is one-to-one, then f has an inverse 
function f7! with domain f(A). For the function f considered in Worked 
Exercise D40, it was possible to determine f~! explicitly by solving the 
equation y = f(x) to obtain x in terms of y. Unfortunately, it is often 
impossible to solve the equation y = f(x) in this way. 


Nevertheless, it may still be possible to prove that f has an inverse 
function f~! by showing that f is one-to-one by some other method. For 
example in Unit Al Sets, functions and vectors we showed that various 
functions f are one-to-one by proving algebraically that 


if f (x1) = f(a), then z1 = mo. 


However, this algebraic method can only be used for fairly simple 
functions. 
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Another way of showing that f is one-to-one is by proving that f is strictly 
increasing or strictly decreasing. You met these concepts applied to real 
functions in Unit A4 and to sequences in Unit D2, where you also 
encountered the idea of a monotonic sequence. It is now helpful to use the 
term monotonic in the case of real functions also. The formal definitions 
are given in the box below, and are illustrated in the cases of strictly 
increasing and strictly decreasing functions in Figures 7 and 8 respectively. Figure 7 f is strictly 


increasing 


Definitions 
A real function f defined on an interval J is 


e increasing on J if 


Ci <i) = fF) = fla). tor), toe d 


e strictly increasing on I if Figure @: Fieni 


m sa i io) Stor bit E d decreasing 
e decreasing on I if 

co == e io o ey oe 
e strictly decreasing on J if 

m <m = jfa) >ja O rwa 


e monotonic on T if f is either increasing on J or decreasing on I 


e strictly monotonic on / if f is either strictly increasing on J or 
strictly decreasing on I. 


If the interval J in the definitions is the domain of f, then we omit ‘on J’ 
and just say, for example, 


f is increasing. 


The most powerful technique for proving that a function f is increasing or 
decreasing is to compute the derivative f’ of f and examine the sign 

of f'(x). We used this technique in Unit A4 and we will use it again in 
Book F Analysis 2, once we have laid a rigorous foundation for the idea of 
the derivative of a function. For the present, however, we consider only 
those functions which can be proved to be increasing or decreasing by 
manipulating inequalities using the rules from Unit D1 Numbers, rather 
than by using calculus. 
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For example, if n € N, then the function 
f(x) =x” (x € [0,00)) 

is strictly increasing; and if n is odd, then the function 
f(z)=2" (xe€R) 

is strictly increasing; see Figure 9(a). 


YA 


eu [0, 00) a 0 
A 
n odd 
(a) (b) 


Figure 9 The graphs of (a) y = x” and (b) y = x7” 
Similarly, if n € N, then the function 

f(z) =x" (x € (0, 00)) 
is strictly decreasing; see Figure 9(b). 


Any function that is strictly monotonic must be one-to-one since, if 
zı < X2, then it is impossible to have f(x 1) = f(x2). Here is an example of 
how this property can be used. 


Worked Exercise D41 


Prove that the function 


f(t)=2°+2-1 (r€R) 


is one-to-one. 
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Exercise D57 


Prove that the following functions are one-to-one. 
(a) f(z) =2*+22+3 (x € [0,00)) 


(b) f(e)==-2? (we (0,00) 


Determining the image set 


If the function f : A —> R is strictly increasing or strictly decreasing, then 
f is one-to-one and so has an inverse function f~! with domain f(A). 
However, it is not always easy to determine the image set f(A). 


For example, consider the function 
f(x) =e +2-1 (c ER). 


We saw in Worked Exercise D41 that f is one-to-one, so f has an inverse 
function with domain f(R). Since f is strictly increasing, it seems likely 
that f : R — R is onto, so f(R) = R, and we have sketched the graph 

y = f(x) in Figure 10 as though this is the case. But how can we prove 
that f(R) =R? To do this we want to show that, for each y € R, there is 
an x such that 


f(z) =2° +2-1=y. 


Unfortunately, we cannot find such an x by solving this equation 
algebraically to obtain x in terms of y. Could it be that the graph 

y = xï +x — 1 actually has some ‘gaps’ or ‘jumps’ in it? We would be very 
surprised if gaps do occur, but how can we prove that they do not? 


To answer this question, we need the concept of continuity, which we 
introduce in Section 2. 


2 Continuous functions 


In this section you will see what it means for a function f to be continuous 
at a point a. You will also meet several rules which enable you to combine 
continuous functions in various ways to form other continuous functions. 
Using these rules, together with a list of basic continuous functions, we can 
deduce that many functions are continuous at each point of their domains. 
For example, the function 


x — xsin(1/z) 
is continuous at each point of R — {0}. 


You will also meet rules which enable us to prove that certain hybrid 
functions are continuous. For example, we can show that the function 


_ Jæsin(1/x), « #0, 


=V; 


is continuous at 0. The graph of this function is shown in Figure 11. 


2 Continuous functions 


y=xr5+xr—1 


RY 


Figure 10 ‘The graph of 
y=o+a-1 


Qy 


Figure 11 The graph of a 
continuous hybrid function 
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2.1 What is continuity? 
At the end of Section 1 we asked whether the graph of the function 
f(x) =2°+2-1 (@ ER) 


has any gaps. Roughly speaking, can we draw the graph y = 2° +x — 1 
without lifting a pen from the paper? In this section we show that this 
graph cannot have any gaps because the function f is continuous. 


Our first objective is to define the phrase 
f is continuous at the point a. 


To agree with our intuitive ideas, we wish to define this concept in such a 
way that the two functions shown in Figure 12 are continuous at the 
point a. 


| 
| | 
| 
| > > 
a T a T 
Figure 12 The graphs of two functions which are continuous at a 


On the other hand, we wish to formulate our definition so that the two 
functions shown in Figure 13 are not continuous at the point a. 


| 

| 

| 

| 

l > 
a xv 


2 
Ry 


Figure 13 The graphs of two functions which are not continuous at a 


For each of the graphs in Figure 12, as the values of x get closer and closer 
to a, the corresponding values of f(x) get closer and closer to f(a). This is 
not the case for the graphs in Figure 13. So our definition of continuity 
must say, in a precise way, that 


if x tends to a, then f(x) tends to f(a). 


There are several ways of making this idea precise. Here we adopt a 
definition that involves the convergence of sequences, since this enables us 
to use results about sequences that you have already met to prove that 
many common functions are continuous. (In Book F we give another 
definition of continuity which is convenient for dealing with more unusual 
functions. ) 


To motivate our definition of continuity we start with the following 
exercise. Here the sequences are denoted by (xn) rather than (an) because, 
as you will see, they represent points on the x-axis. 


Exercise D58 


Let (£n) be a sequence such that lim Zn = 2. Determine the limits of the 
n—> o0 


following sequences. 


(a) (32n) (b) (s3) (c) (A/2n) 


We now look again at these three limits, this time from a geometrical point 
of view. 


We saw, in part (a) of Exercise D58, that 
if £n > 2, then 3zn > 6. 


Using function notation with f(x) = 3x, we can express this statement in 
the equivalent form 


if Zn > 2, then f(an) > f(2). 
This is illustrated in Figure 14. 


Figure 14 The graph of y = 3x 
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Next, we saw in part (b) of Exercise D58 that 
if tn — 2, then x2 > 4. 


2 


Using function notation with f(x) = xf, we can express this statement in 


the equivalent form 
if £n > 2, then f(t) > f(2). 
This is illustrated in Figure 15. 


YA 5 


Figure 15 The graph of y = z? 
Finally, we saw, in part (c) of Exercise D58 that 
if zn > 2, then 1/£n > 1/2. 


Using function notation with f(x) = 1/x, we can express this statement in 
the equivalent form 


if zn > 2, then f(tn) > f(2). 
This is illustrated in Figure 16. 

YA 

1/z14 

1/224 


1/24 


| 
| 
Ti 22° 2 
Figure 16 The graph of y = 1/z 


So in each of these three cases, for any sequence (£n) that has limit 2, we 
have shown that the sequence f(z,,) has limit f(2); that is, 


if zn > 2, then f(zn) > f(2). 


In the above figures we have illustrated the situation in the case that the 
sequence (zn) is increasing, but the conclusion holds no matter how (£n) 
approaches 2. 


In general, for a function f : A —> R, where A is a subset of R anda E€ A, 
our formal definition of the continuity of f at a should encapsulate the 


intuitive notion of continuity that, if (£n) is any sequence such that 
£n tends to a, then f(£n) tends to f(a). 


Our definition should also enable us to conclude that, if there is a sequence 
(£n) such that x, tends to a but f(x,) does not tend to f(a), then f is not 
continuous at a. In such a situation we say that f is discontinuous at a. 
For instance, it may be that the graph of f near a has a jump at a. 


These two different situations are illustrated in Figure 17. 


f is continuous at a f is discontinuous at a 


Figure 17 Continuity in terms of sequences 


We now give our formal definition of continuity. 


Definitions 


A function f : A — R is continuous at a point a € A if for each 
sequence (zn) in A such that x, > a, we have f(x,) > f(a). 


We say that f is continuous (on A) if f is continuous at each point 
a €A. 


If f is not continuous at a point a in A, then we say that f is 
discontinuous at a. 


We can write the above condition for continuity more concisely as follows: 
In >a = ž f(zn)—> f(a), where (xn) lies in A. 


The next two worked exercises illustrate how we can use the definition of 
continuity to show that a function is continuous at a given point or 
discontinuous at a given point. 


Worked Exercise D42 


Prove that the function 
f(x)=2° (xER) 


is continuous at the point 1/2. 
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Solution 


@. The graph of f is shown below. It appears from the graph that f 
is continuous at 1/2 but we must now prove that this is true. 


YA 


Sy 


| 
1 
2 
Let (£n) be any sequence in R that converges to 1/2; that is, 1n + 1/2 
as n — oo. Then, by the Product Rule for sequences, it follows that 


Pead = (1/22 = 1 as = co. 
Since f(1/2) = 1/8, we have 
f(£n) > f (1/2) as n > oo. 


It follows that f is continuous at 1/2, as required. 


Worked Exercise D43 


Prove that the function 
1, «<0, 

IG; = 
ro) h a 


is discontinuous at 0. 


Solution 


®. In order to prove that a function is discontinuous at a particular 
point, we just need to find one sequence for which our definition of 
continuity at the relevant point does not hold. We begin by looking at 
the graph of f to find a suitable sequence. 


YA 
a 
y = f(z) 
il 
a 
| | 
aed 
Ti La T 
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Worked Exercises D42 and D43 illustrate the following general strategy. 


Strategy D14 


e To prove that a function f : A — R is continuous at the point 
ac A: 


show that, if (£n) is any sequence in A such that £n > a, then 
f(n) > f(a). 
e To prove that a function f : A — R is discontinuous at the point 
acA: 


find one sequence (zn) in A such that £n > a but 


f(n) > f(a). 


Remarks 
1. The symbol - is read as ‘does not tend to’. 


2. When proving discontinuity at a point a it is often possible to choose 
the sequence to be (a — 1/n) or (a+1/n). 


We now illustrate the use of this strategy. 
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Worked Exercise D44 


(a) Determine whether the function 
f(x) =1/a (« € R— {0}) 
is continuous. 
(b) Determine whether the function 
l/r; weed: 
pI = 
ma E 


is continuous at 0. 


Solution 


(a) ®. Recall that a function is continuous if it is continuous at each 
point in its domain. The graph suggests that f is continuous 
everywhere it is defined. 


Sy 


We now prove that this is the case using Strategy D14. @ 
The function f has domain R — {0}. 
If a £0 and (zn) is a sequence in R — {0} with £n — a, then, by 
the Quotient Rule for sequences, 
(oq) = aea = 1a = ja): 


It follows that f is continuous at every a Æ 0 and hence at every 
point in its domain. 
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(b) %®. This function is the same as in part (a) apart from at 0 which 
is now in the domain. The graph of f has a jump at 0, so it 
certainly looks as though f is discontinuous at 0. 


YA 


1/a+----+ 


XY 


We now prove this using Strategy D14. © 
We first note that f(0) = 0. 
We now choose 
Be = M m= ae 
Then zn > 0 but 
f(€n) = F(1/n) = n > o, 


so f(tn) ~ f(0) = 0. It follows that the function f is 
discontinuous at 0. 


Exercise D59 


Determine whether the following functions are continuous at the points 
given. (Remember that |x| denotes the integer part of x.) 


(a) f(x) = 2° — 22, at the point a = 2 
(b) f(x) = |x], at the point a= 1 


Exercise D60 


Prove that the following functions are continuous (that is, continuous at 
every point a € R). 


(a) f(@)=1 
(b) f(@)=a 
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We conclude this subsection with two worked exercises in which we prove 
the continuity of two important functions: the modulus function and the 
square root function. 


Worked Exercise D45 


Determine whether the following function is continuous. 


f(z) =|2| (we R) 


Solution 


®. It certainly seems from the graph that f is continuous on its 
domain R. 


A 
7 y = |z| 


| 
| 
| 
| 
| 
| 
| 
L 
7 z= . 


We guess that f is continuous on its domain R. Let a € R, and let 
(£n) be any sequence in R with £n — a as n + oo. We want to prove 
that 


Zn >a => |t| > lal, 
or, in other words, that 
(£n — a) is a null sequence => (|zn|— |a|) is a null sequence. (*) 


®. To prove statement (x), we use the backwards form of the Triangle 
Inequality that you met in Unit D1. This says that for any a,b E€ R, 
we have |a — b| > ||a| — Jbl]. & 


Now it follows from the backwards form of the Triangle Inequality that 
ke ole hed h aE 12... 

®. We now see that the sequence (|x| — |a|) is ‘squeezed’ between the 

null sequence (x, — a) and the constant null sequence (0). © 

Thus, by the Squeeze Rule for sequences, statement (*) holds. 


Hence f is continuous. 


2 Continuous functions 


Worked Exercise D46 


Determine whether the following function is continuous. 


f(z) =Vx (x € [0,00)) 


Solution 


&. It certainly seems from the graph that f is continuous on its 
domain, [0, 00). 


| 
| 
| 
| 
| 
| 
a T 
We guess that f is continuous on its domain [0, o0). 


Let a € [0, 00), and let (£n) be any sequence in |0, o0) with £n > a as 
n — co. We want to prove that 


LC, O == Jin > Va, 
or, in other words, that 
(tn — a) is a null sequence => (./% — Va) is a null sequence. (*) 


Now, since (£n — a) is null, the sequence (|x, — a|) is null and hence, 
by the Power Rule for sequences, the sequence ( |En — al) is also 
null. 


@®. Next we use an inequality proved in Subsection 3.2 of Unit D1, 
namely that if a > 0 and b > 0, then ,/|a — b| > |va- val. & 


Moreover, since £n > 0 and a > 0, it follows that 


y |En — al > |. /tn — val, for 1D 
@. We now see that the sequence ae — Va) is ‘squeezed’ between 


the null sequence ( |En — al) and the constant null sequence (0). © 


Thus, by the Squeeze Rule for sequences, statement (*) holds. 


Hence f is continuous. 
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2.2 Rules for continuous functions 


In the previous subsection you saw how to use the definition to check 
whether a given function is continuous at a point. You will now meet a 
number of rules that can be used to show that many functions are 
continuous without the need to go back to the definition. The first set of 
rules is called the Combination Rules. 


Theorem D40 Combination Rules for continuous 


functions 
If f and g are continuous at a, then so are 
Sum Rule ft+g 


Multiple Rule Af, for XE R 
Product Rule fg 
Quotient Rule f/g, provided that g(a) Æ 0. 


Proof The proofs of these rules are similar and depend on the 
corresponding results for sequences. We prove only the Sum Rule. 


Suppose that f and g are continuous at a. We want to deduce that f +g is 
continuous at a. 


Let the domain of f be A and the domain of g be B. Then the domain of 
f+gis ANB and this set contains a. 


Thus, since 
(f+g9)(x) =f(z)+9(x), forrxe ANB, 
we have to show that 


for each sequence (£n) in AN B such that £n —> a, we have 
f (Xn) + 9(@n) + f(a) + g(a). (1) 


We know that (zn) lies in A and in B, and that both functions f and g are 
continuous at a. Hence 


f(@n) + f(a) and g(zn) > g(a), 


so statement (1) follows by the Sum Rule for sequences. E 


By using the Combination Rules we can show, for example, that the 
function f(x) = 1 — 2x is continuous (on R) since 

xz — x is continuous (by Exercise D60(b)) 
and so 

xz —> —2z is continuous by the Product Rule. 


Also 


x — 1 is continuous (by Exercise D60(a)) 


and so 
x | 1 — 22 is continuous by the Sum Rule. 


Indeed any polynomial p(x) = ao + ayz +--+: + anz”, x € R, is continuous 
at all points of R since we can build up the expression for p by successive 
applications of the Combination Rules. 


Moreover, it then follows from the Quotient Rule that any rational 
function r(x) = p(x)/q(x), where p and q are polynomials, is continuous at 
all points of its domain, that is, all of R except for points where q(x) = 0. 
We have thus established the following result. 


Theorem D41 
The following functions are continuous: 
e any polynomial p(x) = ap + ax +--+ + anz” (on its domain R) 


e any rational function r(x) = p(x)/q(x), where p and q are 
polynomials (on its domain R — {x : g(x) = 0}). 


The Combination Rules are natural analogues of the corresponding results 
for sequences. However, we can combine functions in more ways than we 
can combine sequences: for example, we can compose functions f and g to 
obtain the function go f. Composing functions also enables us to obtain 
‘new continuous functions from old’, as the next rule shows. 


Theorem D42 Composition Rule for continuous functions 


If f is continuous at a and g is continuous at f(a), then go f is 
continuous at a. 


Proof Suppose that f is continuous at a and g is continuous at f(a). We 
want to deduce that go f is continuous at a. 


If f has domain A and g has domain B, then the domain of g o f is 
C={xreA: f(x) € Bh 
and this set contains a. 
Thus we have to show that 
for each sequence (£n) in C such that £n —> a, we have 
IF (an)) > g(F(a)). (2) 


We know that (xn) lies in A and that f is continuous at a, so 

f(an) > f(a). Moreover, because (xn) lies in C, we also know that (f(an)) 
lies in B, and since g is continuous at f(a), it follows that 

g(f(£n)) > g(f(a)). Hence statement (2) is true. a 
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Figure 18 The functions in 
the Squeeze Rule 
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yf = hz 


Worked Exercise D47 


Determine whether the following function is continuous. 


h(x)= vz? +1 (¢ ER) 


Exercise D61 


Determine whether the following function is continuous. 


f(x) = |x| (x € [0,00)) 


Exercise D62 


Prove that the following function is continuous, stating each rule or fact 
that you use. 


3x 
{(z\= ae cae ae are 


(x € R) 


Next, just as we had a Squeeze Rule for convergent sequences, we show 
that there is a corresponding Squeeze Rule for continuous functions. The 
graphs of the functions in the next theorem are illustrated in Figure 18. 


Theorem D43 Squeeze Rule for continuous functions 
Let f, g and h be defined on an open interval J and let a € J. If 
Legals 7 (a) 2 hG@)\iior 2 E 

26 G(a) = f(a) = a) aud 

3. g and h are continuous at a, 


then f is also continuous at a. 


Proof Suppose that f, g and h satisfy the conditions of the theorem. 
We want to prove that f is continuous at a. 


Thus we have to show that 


for each sequence (zn) in the domain of f such that £n — a, we have 
f(n) > fla). (3) 
Since £n — a and IJ is an open interval, there is an integer N such that 
n EI, forn>N. 
Hence, by condition 1, 
gln) < f(£n) < We), forn>N. 
By conditions 2 and 3, 


Jim g(@n) = lim A(2n) = f(a), 


so statement (3) follows, by the Squeeze Rule for sequences. | 


In the following worked exercise, the only property of the sine function 
that we need is that |sinz| < 1, for x € R. (We will investigate whether 
the trigonometric functions sin, cos and tan are continuous in the next 
subsection.) 


Worked Exercise D48 


Determine whether the following function is continuous at 0. 


„f1 
f(a) = r? sin( >) s £F%, 
0, x=0. 
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We know that 

—1<sin(1/z) <1, forz #0. 
Since x? > 0, it follows that 

o <2’ sin(1/z)<27, fore #0. 
Thus, since f(0) = 0, we have 

=a = TEs r, frrER. 
If we now take I = R, with 

aa) x and h(x) T, 
then 

g(x) < f(a) < h(x), fore eI, 
so condition 1 of the Squeeze Rule is satisfied. 


Next, f(0) = g(0) = A(0) = 0, so condition 2 of the Squeeze Rule is 
satisfied. 


Finally, the functions g and h are polynomials, and so in particular 
they are continuous at 0. Thus condition 3 of the Squeeze Rule is 
satisfied. 


It then follows from the Squeeze Rule that f is continuous at 0, as 
required. 


Exercise D603 


Determine whether the following functions are continuous at 0. 


2 x), x 
E oe t cos(1/2*), AN; 


0, xz=0. 
(b) f(e) = ‘ae sii 


Hint: Use the fact that sin (2n + 3) a=1, forn EZ. 


We now describe another rule for proving that a function is continuous at 
a point. Consider the hybrid function 


l-z, xz<0, 
f(x) = 4 0, Vea, (4) 
30= 3; a> 1, 


The domain of f is the whole of R and the graph of f is shown in 
Figure 19. 


YA 


Figure 19 The graph of the hybrid function y = f(z) 


0 1 


From the graph, it appears that 
1. f is discontinuous at a = 0 
2. f is continuous at all other values of a. 


We can prove that f is discontinuous at 0 by using Strategy D14. We need 
to find one sequence (xn) such that 


In 70 but f(rtn) ~ f(0). 


Since f(0) is defined using the rule for [0,1], we choose a simple sequence 
(£n) which tends to 0 from the left; we can choose 


This is illustrated in Figure 20. 


YA 


di e—e 
=] 1 m 
3 


Figure 20 A sequence whose images under f do not tend to f(0) 


The rule for f(x) which applies for x < 0 is 1 — x, so 


fan) = 1 (-2) =1-(-2) gp fOr WS V Dies os 


n n 
and we also have f(0) = 0. Hence 
In >00 but f(zn)—>1# f0). 


Thus f is discontinuous at 0. 
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Figure 21 The Glue Rule 


214 


But how can we prove that f is continuous at a = 1, as the graph 
suggests? If we define 


g(z)=0 (ER) and A(x) =3rx-3 (rER), 
then near the point 1, the graph of f consists of part of the graph y = g(x) 
to the left of 1, glued to part of the graph y = h(x) to the right of 1. 
This idea is the basis of the Glue Rule which is illustrated in Figure 21. 


Theorem D44 Glue Rule for continuous functions 


Let f be defined on an open interval J and let a € J. 
If there are functions g and h such that 


ila J) = gr) Mone Jem < a 
Te = a on w eb a> a, 

2 a= ga) = Ma) and 

3. g and h are continuous at a, 


then f is also continuous at a. 


Proof Suppose that f, g and h satisfy the conditions of the theorem. 
We want to prove that 


for each sequence (zn) in the domain of f such that £n > a, we have 
f (tn) > f(a). (5) 
Since £n — a and J is an open interval, there is an integer N such that 


Tn EI, forn>N. 


Then (an) (that is, the sequence £N, £N+1,.--) consists of two 
subsequences (£m,) and (£n,) defined by the conditions 


tmy SO, TOrk=1,2,:.., end fng Z0; for k= 1,2,.:.. 
By conditions 1 and 3, we have 

g(2m,) > gla) ask =œ and A(an,) > h(a) as k > oœ. 
Hence, by conditions 1 and 2, we have 


f(tm,) > f(a) ask-oo and f(an,) > f(a) as k> oœ. 


®. We have shown that the sequence (f(an)) consists of two subsequences 
with the same limit, f(a). Recall that, by Theorem D21 in Unit D2, it 
follows that the whole sequence converges to this limit. .© 


Since both subsequences of (f(xz,)) tend to f(a), statement (5) follows. E 
Note that the Glue Rule does not require the functions g and h to be 
defined on the whole of J, though this is often the case. 


We now apply the Glue Rule to the function that we were looking at 
earlier. 
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Worked Exercise D49 


Use the Glue Rule to prove that the function 
l-ax, x<0, 
f(z) = 40, Cas 1, 
3x —3, 7>], 


is continuous at 1. 


Solution 


@. The graph of f is shown again below. 
YA 


= TO 
ee! 
y = f(x) 
Let I be the open interval (0,00) and define the functions 
gz)=0 @eER) and h(e)=]3r—3 (eR). 
®. The graphs of g and h are shown below. 


Sy 


We chose I = (0,00) because on this interval the rule of f is given by 
the rule of g to the left of 1 and by the rule of h to the right of 1. We 
could have chosen any smaller open interval that contains the 

point 1. & 


Then f is defined on J and 1 € J. Also, 

(2) = Ge). o a e (01); 

fit} =f), tor 22 ( 100). 
so condition 1 of the Glue Rule holds with a = 1. 
Moreover, f(1) = g(1) = h(1) = 0, so condition 2 holds. 


Finally, g and h are both polynomials and are therefore both 
continuous at 1, so condition 3 holds. 


Hence f is continuous at 1, by the Glue Rule. 
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Exercise D64 


Prove that the following function is continuous at 1. 
xr? —32+5, z<1, 

f(t) = 4 2z +1 

3a — 2’ 


x>l. 


There are two further straightforward situations in which we can obtain 
‘new continuous functions from old’ and we illustrate these by examples. 
When such situations arise, we normally use the results illustrated here 

without explicitly referring to them. 


1. Consider the function 

l-gz, «<0, 
el = <6, Os2¢6 1, 

oo — 3, > 1, 
which we studied in Worked Exercise D49. There we used the Glue Rule 
to show that f is continuous at 1. We also showed earlier that f is 
discontinuous at 0. It seems evident that this function f is continuous at 
all other points in R. For example, the continuity of f at —1 depends 


only on the values taken by the function f near the point —1, and these 
values are the same as those of the function 


g(t)=1-« (eR), 


which is continuous since it is a polynomial. Since g is continuous at —1, 
we deduce that f is also continuous at —1. A similar argument can be 
used to show that f is continuous at all points a € R — {0,1}. Since we 
have already shown by the Glue Rule that f is continuous at 1, we 
conclude that f is continuous on R — {0}, as expected. 


Notice that the above argument works because continuity at a point is a 
local property; that is, it depends only on the behaviour of the function 
near that point. 


2. Consider the function 


f(z)=2"? (ee [-1,])). 
The domain of this function is [—1, 1], and it certainly appears from 
Figure 22 that f is continuous at each point of [—1,1]. After all, the 
function 

g(x) =2? (wR) 
is a basic continuous function (since it is a polynomial). 


Recall from Unit Al that if the domain A of a function h is a subset of 
the domain of a function k and h(x) = k(x) for all x € A, then h is 


called the restriction of k to A. Thus here f is the restriction of g to 
the set [—1, 1]. 


14 


= 17 
Figure 22 The graph of the restriction of y = x? to [—1, 1] 


If we again note that continuity is a local property, it is easy to see from 
the definition of continuity that if a function f is the restriction of 
another function g, and g is continuous, then f is also continuous. We 
can sum up what we have shown as follows: 


The restriction of a continuous function is continuous. 


2.3 Trigonometric functions and the 
exponential function 


We now prove that the trigonometric functions sin, cos and tan and the 
exponential function are continuous at all points of R where they are 
defined. 


Trigonometric functions 


We start with a basic inequality for the sine function. This is illustrated in 
Figure 23. 


Theorem D45 Sine Inequality 


; T 
Sin S se. fos eS. 


Proof If x =0, then sin0 = 0, so there is equality. 


Suppose next that 0 < x < 7/2, and consider the diagram in Figure 24, 
which represents a quarter circle, centred at the origin, with radius 1. 


Figure 24 An arc of a circle of length x 
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YA 
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Figure 23 The graphs of 
y=sing andy=2 
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Figure 25 The graphs of 
y = |sin z| and y = |z| 
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Since the circle has radius 1, the arc AB has length x equal to the angle x 
(measured in radians) and the perpendicular AC has length sin x. Hence 


T 
singt < T, for 0<2< 5. 
Combining this inequality with the fact that sin 0 = 0 gives the result. E 


We can now deduce the crucial inequality for proving the continuity of the 
sine function. This is illustrated in Figure 25. 


Corollary D46 


\sina| < |z|, forx ER. 


Proof The Sine Inequality shows that this inequality holds for 
O0<a<7/2. For x > 1/2, we have 
, T 
|sing| <1 < z415 |æ], 
so the inequality is also true in this case. 
Finally, the inequality holds for « < 0, since 
|sia(—x)| = |sinz| and |—a2| = |z]. E 


This is the key tool that we need to prove the continuity of the 
trigonometric functions. 


Theorem D47 


The trigonometric functions sine, cosine and tangent are continuous. 


Proof To prove that the sine function is continuous at a € R, we want to 
show that 


for each sequence (zn) in R such that £n —> a, we have 


sin zn > sina. (6) 
To do this, we use the trigonometric identity 
sinx — sina = 2cos ($(x + a)) sin (4 (£ — a)) . 
®. This identity can be obtained by writing 


z= 4(£ +a) + 4(£-— a) 


a = į(x +a) — 4(x— a), 


and then using the formulas for sin( A + B) and sin(A — B) which you can 
find in the module Handbook. ® 


2 Continuous functions 


We obtain 

\sin zn — sin a| = |2 cos (4 (£n + a)) sin (4 (£n — a))| 

< 2|sin ($(an —a))| (since |cos x| < 1) 

<2 |4 (£n —a)| (by Corollary D46 ) 

= |zn — qa]. 
Thus, if (zn — a) is null, then (sin £n — sina) is null, by the Squeeze Rule 
for sequences, so statement (6) holds. 


The continuity of the cosine and tangent functions now follows from the 


identities 
sin x 
cos x = sin (x + ir) and tang = ; 
COS £ 
using the Composition Rule and the Quotient Rule. E 


Exercise D65 


Prove that the following function is continuous (on R), stating each rule or 
fact about continuity that you use. 


f(x) = 2? +14 3sin ( a +1). 


The exponential function 


We start with two fundamental inequalities for the exponential function. 
These are illustrated in Figure 26. 


Theorem D48 Exponential Inequalities o 4 x 
(a) e*>1+4+2, forx>0 Figure 26 The graphs of 
1 y =e", y = 1/(1 — x) and 
x 
(b) e Sy tor) 7 <i jalig 


Proof We prove both inequalities using the exponential series which you 
met in Unit D3 Series: 


z2 r3 
a ares for x > 0. 


(a) For x > 0, we have x?/2! > 0, 23/3! > 0, and so on. Hence 


e"=14+a+ 
e’>1l+a, forr>0. 


(b) For x > 0, we also have 27/2! < xê, 23/3! < x3, and so on. Hence 


eee HLH. 
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Figure 27 The graphs of the 
functions in Corollary D49 


220 


The series on the right is a geometric series, which is convergent with 
sum 1/(1— x), for 0 < x <1. Hence 


1 
x 
aa forO<a <1. m 


We can now deduce the following inequalities which we use in proving the 
continuity of the exponential function. These are illustrated in Figure 27. 


Corollary D49 


1 
1+a<e* < ——, for |z| <1. 
i= 


Proof The Exponential Inequalities show that these inequalities both 
hold for 0 < x < 1. For —1 < x < 0, we have 0 < —x < 1, so 


1+ (=x) < e” < a 


Taking reciprocals and reversing these inequalities (which is possible since 
all three expressions are positive for —1 < x < 0), we obtain 


4 1 
lt+a<e* < —, for-l<2<0. 
1-2 
Hence 


1 
l+a<e" < —, for |a| <1. 
l-r 
We can now prove the continuity of the exponential function. 


Theorem D50 


The exponential function is continuous. 


Proof To prove that the exponential function is continuous at a € R, we 
want to show that 


for each sequence (zn) in R such that £n > a, we have 
er —» el. (7) 


Now, if (£n — a) is null, then there is a positive integer N such that 
|v, —a| < 1, for n > N. Applying Corollary D49, with zn — a instead of z, 
we obtain 
1 
1 —a)<e"* < ————.,, forn>N. 
+ (in =8) = ~ 1— (ap — a) 
Thus e*”~* — 1, by the Squeeze Rule for sequences. Hence 
e™ = e%e™n—% — ef, so statement (7) holds. E 


3 Properties of continuous functions 


Exercise D66 


Prove that the following function is continuous, stating each rule or fact 
about continuity that you use. 


fiz) = z’ — 5z? + Te 


We end this subsection with a reminder of the various approaches that you 
have met for investigating the continuity of a function f : A — R at 

a € A. Recall that you should first guess whether f is continuous or 
discontinuous at a, then check whether your guess is correct (a sketch of 
the graph may help you make your guess). You can check your guess using 
Strategy D14. You have also seen that, in many cases, it is possible to 
show that f is continuous at a by applying rules such as the Combination 
Rules, the Composition Rule, the Squeeze Rule and the Glue Rule to 
functions which you already know to be continuous. We have proved that 
a number of familiar functions are continuous and we now collect these 
together in the following result. 


Theorem D51 Basic continuous functions 
The following functions are continuous: 

e polynomials and rational functions 

© f(x) = |e 

© f(a) = vi 

e the trigonometric functions sine, cosine and tangent 


e the exponential function. 


3 Properties of continuous functions 


In this section you will meet some of the fundamental properties of 
continuous functions, and see that these properties hold for continuous 
functions defined on bounded closed intervals; that is, intervals of the 
form [a,b]. You will also see some applications of these properties, in 
particular to locating the zeros of a continuous function. 
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Figure 28 ‘The graph of 
y=x+a-1 


Bernard Bolzano 
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3.1 Intermediate Value Theorem 
At the end of Section 1 we considered the function 
f(z) =2°+2-1 (££ ER) 
and we pointed out that it is not easy to prove that f(R) = R. 


For example, is there a value of x such that f(x) = 0? In other words, is 
there a solution of the equation 


o+xr2—-1=0? 


The shape of the graph of y = x? + x — 1 shown in Figure 28 certainly 
suggests that such a number z exists. Since f(0) = —1 and f(1) = 1, we 
expect there to be some number zx in the interval (0,1) such that f(x) = 0. 
However, we do not have a formula for solving the above equation to find x. 


The key to showing that such a number z exists lies in the fact that f is a 
continuous function, so there cannot be any gaps in its graph; this is the 
essence of the Intermediate Value Theorem. We prove this result at the 
end of this subsection but first we show how it can be used. 


Theorem D52 Intermediate Value Theorem 


Let f be a function continuous on [a,b] such that f(a) Æ f(b), and 
let k be any number lying between f(a) and f(b). Then there exists a 
number c in (a,b) such that 


Fe) = k 


The first purely analytic proof of the Intermediate Value Theorem was 
given by the Bohemian mathematician and theologian Bernard 
Bolzano (1781-1848) in a paper published in 1817. Bolzano was one 
of the first mathematicians to begin to instil rigour into analysis. To 
quote Steve Russ, the leading expert on Bolzano’s mathematics, this 
paper 
‘represents an important stage in the rigorous foundation of 
analysis and is one of the earliest occasions when the continuity 
of a function and the convergence of an infinite series are both 
defined and used correctly.’ 


Four years later, the theorem appeared in the Cours d’Analyse of 
Augustin-Louis Cauchy (1789-1857), but it is unlikely that Cauchy 
knew of Bolzano’s work. 


(Source: Russ, S.B. (1980) ‘A Translation of Bolzano’s Paper on the 
Intermediate Value Theorem’, Historia Mathematica, vol. 7, no. 2, 
pp. 156-185.) 


3 Properties of continuous functions 


The Intermediate Value Theorem has two possible cases: we have either 


fla)<k< f(b) o Jia) >k> f(b). 


These are illustrated in Figure 29. 


Yt Yh 
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(a) f(a) < F(b) (b) 
Figure 29 The two cases of the Intermediate Value Theorem 
As the graph in Figure 29(b) shows, there may be more than one possible 


value of c such that f(c) = k. 


The conclusion of the Intermediate Value Theorem may be false if f is 
discontinuous at even one point of [a,b]. For example, the function 


1/z, 0< ļ|æ|< 1, 
x)= 8 
F(a) e j (8) 
is continuous on |—1, 1] except at 0. For this function, 

f(-1)=-1 and f(1)=1, 


but there is no number c in (—1,1) such that f(c) = 4, as shown in 
Figure 30. The conclusion of the Intermediate Value Theorem may be also 
be false if f(a) = f(b). For example, if f(x) = x? with a = —1 and b=1, 
then f(a) = f(b) = 1 and the only possible value of k is 1, but there is no 
c E€ (-1,1) such that f(c) =1. 


Here is a typical application of the Intermediate Value Theorem. 


Worked Exercise D50 


Use the Intermediate Value Theorem to prove that there is a number c in 
(0,1) such that 


Š+c-1=0. 


\ 


Figure 30 A function to 
which the Intermediate Value 
Theorem does not apply 
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To obtain further information about the location of the number c in 
Worked Exercise D50, we can use, for example, the bisection method. 
This involves repeatedly bisecting the interval containing the solution and 
determining the values of f at the bisection points, in order to find shorter 
and shorter intervals in which the number c must lie. 


For example, at the first bisection the function 
f(z) =z +a-1 

satisfies 
f(4)=(4)? +4-1<0 and f(1)=1>0, 


so the number c must lie in (5, 1). To find an interval of length t 


containing c, we next consider the value f (#), and so on. 


Exercise D67 


Use the bisection method to find an interval of length b containing the 
number c such that 


Š+c-1=0. 


The bisection method can also be used to prove the Intermediate Value 
Theorem. We prove the special case of this result when k = 0 and 

f(a) < f(b); the proof when k = 0 and f(a) > f(b) is similar. The general 
case can then be deduced from the case when k = 0 by considering the 
function 


F(x) = f(x) — k. 


Theorem D53 Intermediate Value Theorem (special case) 


Let f be a function continuous on [a,b] and suppose that 
f(a) <0<f(). 
Then there exists a number c in (a,b) such that 


Ie = 0. 


3 Properties of continuous functions 


Proof We use the bisection method. 


First we define [ao, bo] = [a,b] and let p = (ao + bo), the midpoint of 
lao, bo]. If f(p) = 0, then the proof is complete, since we can take c = p. 
Otherwise, we define 


— [ao, p], if f(p) > 0, 
lai, bi] = l 
[p, bo], if f(p) < 0. 

In either case, we have 
1. (a1, bı] C ao, bo] 
2. by =Q] = 5 (bo — ao) 
3. f(a) <0 < f(b). 
Now we repeat this process, bisecting [a1,b1] to obtain [a2, b2], and so on. 


If, at any stage, we encounter a bisection point p such that f(p) = 0, then 
the proof is complete. Otherwise, we obtain a sequence of closed intervals 


lan Oni n=0; 1 2s 
with the properties that, for n = 0,1,2,..., 
1. [an+1, bn+1] & lan, bn] 
2. bn — Gn = (4)” (bo — ao) 
3. flan) <0 < f(bn). 
Property 1 implies that (an) is increasing and bounded above by bo. 


®. We now use the Monotone Convergence Theorem (Theorem D22 in 
Unit D2), which says that any sequence that is increasing and bounded 
above must be convergent. ® 


Hence, by the Monotone Convergence Theorem, (an) is convergent. Let 
lim ay, =c. 
n—> oo 
This is illustrated in Figure 31. 
By property 2 and the Combination Rules for sequences, 
lim bn = lim (an + (bn — an)) 
Noo Noo 
oe A 1\n 
a a) 


=c+0=c. 


Now we use the fact that f is continuous at c to obtain 
Jim, f(@n) = f(c) and Jim, f(bn) = f (6). 


By property 3, f(an) < 0, for n = 0,1,2,..., so f(c) < 0, by the Limit . i a 
Inequality Rule (Theorem D11 in Unit D2). Likewise, f(c) > 0 because nee A 
f(bn) > 0, for n = 0,1,2,.... Hence f(c) = 0, as required. B 
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3.2 Locating zeros of continuous functions 
If f is a function and c is a real number such that 
f(c) =0, 


then c is called a zero of the function f. We sometimes say that the 
function vanishes at c. 


We often show that an equation has a solution by proving that a related 
continuous function has a zero (using the Intermediate Value Theorem 
with k = 0). You saw an example of this in Worked Exercise D50 and we 
give another one now. 


Worked Exercise D51 


Prove that the equation 
cosi = x 


has a solution in the interval (0, 1). 


Solution 


@®. The graphs shown below suggest that there is a solution to this 
equation. 


We now prove that this is the case. ® 


We consider the function 
(@) = cos2— a7 


and show that f has a zero c in (0,1). Now f is continuous, by the 
Combination Rules. Moreover, 


f(0) =cos0-O0=1>0 
and 
fl) cost l= 0: 


Thus, by the Intermediate Value Theorem, there is a number c in 
(0,1) such that 


fic) 0 O cose —« 
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3 Properties of continuous functions 


The result that was proved in Worked Exercise D51 is a special case of the 
result that you are asked to prove in the next exercise. 


Exercise D68 


Suppose that the function f : [0,1] —> [0,1] is continuous. Prove that the 
equation 

f(z) =a 
has a solution c in the interval [0, 1]. 


Hint: Consider the function g(x) = f(x) — x (a € [0,1)). 


Zeros of polynomials 


We now consider the problem of locating the zeros of polynomial functions. 
Recall that zeros of polynomials were discussed in Unit A2 Number 
systems, where you met the fact that a polynomial of degree n has at most 
n Zeros. 


First try the following exercise. 


Exercise D609 


Let 
plz) = zê — 4r +r +1 (x ER). 
Prove that p has a zero in each of the intervals (—1, 0), (0,1) and (1,2). 


When we wish to locate the zeros (if any) of a given polynomial, we can 
begin by applying the following result, which gives an interval in which the 
zeros must lie. 


Theorem D54 
Let 
p(x) = x” +an12" 1 +---+azr+ao (xc ER), 


where ag, @1,.--,@,—1 E R. Then all the zeros of p (if there are any) 
lie in the open interval (~M, M), where 


M =1+4+max{|an-i],.-.,|a1|, |aol}. 
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Proof Suppose we write 


p(x) an-1 ay ao 
OS a ien er PeR 
so that 
p(x) =2"(1+r(z)), forz 40. (9) 
Using the Triangle Inequality, we obtain 
An—1 a1 ag 
\r(a)| = es E 
an—-1 ay ao 
EE 
1 1 1 
<(M—1)(—+---+—— + —_ }. 
s-o (t+ pert eR) 


Thus if |z| > 1, so that 1/|z| < 1, we have 


Ir(z)| < (M -= 1) (i++) 


_ (1/|z|) _M-1 
= OF DT e] eT 


by summing the convergent geometric series. 
Hence for |x| > M we have |r(x)| < 1, and therefore 1+ r(x) > 0. It now 
follows from equation (9) that p(x) has the same sign as x” for |x| > M. 


Since x” Æ 0 for |x| > M, any zero of p must lie in the interval (~M, M), 
as required. E 


The next worked exercise shows how we can use Theorem D54 in 


combination with the Intermediate Value Theorem to obtain information 
about the zeros of a polynomial. 


Worked Exercise D52 


Prove that the following polynomial has at least two zeros. 


p(x) = 224 — 4r? — 2x +2 (xeR) 


3 Properties of continuous functions 


We have 
pa) = 2a? = 49? = 99 + 9 = D(a? — 9? — 1). 
For q(x) = 2* — 2a? — 2+ 1 we have 
M =1+max{|—2|,|—1],|1|} = 3, 
and so all the zeros of q, and hence of p, lie in (—3,3), by 
Theorem D54. 
We now compile a table of values of p(n), for integers n in [—3, 3]. 
n —3 —2 -1 0 i, 2 3 
dwala 22 22 =o a 1D 
We find that p(0) and p(1) have opposite signs, as do p(1) and p(2). 


Thus, since p is continuous, it has a zero in each of the open intervals 
(0,1) and (1,2), by the Intermediate Value Theorem. 


Thus we have proved that p has at least two zeros. 


®. Since p is a polynomial of degree 4, we also know that it has at 
most 4 zeros. It can be shown that p has exactly two zeros, though we 
do not prove this here. © 


When using Theorem D54, it is often not necessary to calculate the values 
of p(n) for all the integers n in the interval [—-M, M]. For example, in 
Worked Exercise D52, in order to locate two zeros it would have been 
sufficient to calculate the values of p(n) for n in [—2, 2]. Often it is a good 
idea to calculate the values of p(n) for small values of n first and only 
calculate p(n) for larger values if you have to; in other words, start filling 
in a table like that in the solution to Worked Exercise D52 in the middle 
and work as far outwards as necessary. 


Exercise D70 


Prove that the following polynomial has at least three zeros. 


p(x) = 2° +324*-2-1 (£ €R) 
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3.3 Extreme Value Theorem 


We now describe another important property of continuous functions. 
First we give the following definitions. 


Definitions 
Let f be a function with domain A. Then 


e f has maximum value f(c) in A if c € A and 
f(z) < f(c), forreA 

e f has minimum value f(c) in A if c € A and 
flo) < f(x), forzeA 

e f is bounded on A if, for some M € R, 


Ya lf(z)| <M, forre A. 

y = f(x) ier e 
An extreme value is either a maximum or a minimum value. 
l 7 For example, the function f(x) = sin x, with domain R, has maximum 
1 1 2 value 1 in R, since 
T 
sng < l= singi for x € R. 
Also, this function f is bounded on R, since 
Figure 32 A function that is lsinz|<1, forxzEeR. 
not bounded on its domain 


On the other hand, the function 
YA 


iI 


Ia, 0x l< 1 
a a — 
f(a) k g=0, 


“is not bounded on its domain [—1, 1]; see Figure 32. 
it - Note that although a function that has both a maximum value and a 
minimum value is bounded, a function can be bounded without having a 
Figure 33 A bounded maximum value or a minimum value; for example, the function 
function with no extreme x 
value o)=—— 
alues 1+ |x| 
YA is bounded on its domain R, since 
f(a) : |z| 
| x)| = —— < 1, forzeR, 
| 
Ha : but g is strictly increasing on R, so it has no maximum or minimum value 
| l on R. The graph of g is shown in Figure 33. 


The following result states that a continuous function on a bounded closed 
Figure 34 Extreme values interval always has a maximum value and a minimum value. It is 
of f illustrated in Figure 34. 
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Theorem D55 Extreme Value Theorem 


Let f be a function continuous on [a,b]. Then there exist numbers c 
and d in [a,b] such that 


(eC) <a = Fd). tor ae (a,b: 


An immediate consequence of the Extreme Value Theorem is the following 
corollary. 


Corollary D56 Boundedness Theorem 


Let f be a function continuous on [a,b]. Then there exists a number 
M such that 


|f(a)| <M, for x € [a,b]. 


The function 
1/z, 0< |e < 1, 
f(z) = 
0, xr=0, 


whose graph was given in Figure 32, shows that the conclusions of the 
Extreme Value Theorem and the Boundedness Theorem may be false if f 
is discontinuous at even one point of [a,b]. 


We now prove the Extreme Value Theorem. The proof illustrates the use 
of many of the techniques that you have met so far but if you are short of 
time you may prefer to skim through it, noting the main steps. 


Proof of the Extreme Value Theorem We prove that there exists a 
number d in [a,b] such that 


f(x) < f(d), for x € [a,b]. 
We use the function 


x 
g) = —— 
which is strictly increasing and continuous on R, with 
lg(xz)| <1, forxeR. 


®. The graph y = g(x) was shown in Figure 33. ® 
Then the function 


h(x) = g(f(x)) (we [a,b]) 
is continuous, by the Composition Rule, and 


|h(x)| <1, for x € [a,b]. 
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®. The function h is easier to work with than the function f and, since g 
is strictly increasing, if we can find d such that h(x) < h(d) for x € (a,b), 
then we can deduce that f(x) < f(d) for x € [a,b]. #& 


Hence the image set h([a,b]) is bounded. Thus, by the Least Upper Bound 
Property of R which you met in Section 4 of Unit D1, 


the supremum, M say, of h(|a, b]) exists. 


@®. Remember that the least upper bound of a set A of real numbers is also 
called its supremum, and is denoted by sup A. @ 


We now use the bisection method to find d € [a,b] such that h(d) = M. 


We define [ao, bo] = [a,b] and p = $(ao + bo). Then at least one of the 
image sets h({ao,p]) and h([p, bo]) must have least upper bound M. 


®. We now choose the interval [a,b] to be whichever of h([ao, p]) and 
h([p, bo]) has least upper bound M, or either if both do. &@ 


Thus we can choose [a1, b1] such that 
1. [a1, b1] C [ao, bo] 

2: bi = Qi = $ (bo = ao) 

3. M = sup h(|a;, b1]). 


Now we repeat this process, bisecting [a1, b1] to obtain [a2, b2], and so on. 
We obtain a sequence of closed intervals 


lela WH 0.12 cy 
with the following properties for n = 0,1, 2,...: 
1. [@n41, bn+1] E [@n, bn] 
2. by — Gn = (3)" (bo — ao) 
3. M = suph(|an, bal). 


As in the proof of the Intermediate Value Theorem, properties 1 and 2 
imply that there is a real number d € [a,b] such that 


lim an = lim bn = d. 
n—> oo n— Oo 

By property 3, for each n = 1,2,..., there is a number tn such that 
an Stn Sbn and M -—1/n < h(ta) < M, 


because each number M — 1/n is not an upper bound of the image 
set h(a, b]). 


Hence, by the Squeeze Rule for sequences, 
lim tn=d and lim h(tn)= M. 
noo n—- Ooo 

Thus, by the continuity of h at d, 
h(d) = Jim. ite) = M, 

so 


h(x) = g(f(@)) < g(f(d)) = h(d), for x € [a,b]. 


3 Properties of continuous functions 


Since g is strictly increasing, it follows that 
f(z) < f(d), for x€ [a,b], 
as required. 


Similar reasoning shows that there exists c € [a,b] such that 


f(c) < f(x), for xE (a,b). | 


Antipodal Points Theorem (optional) 


We conclude this section by presenting a corollary of the Intermediate 
Value Theorem. This application is included for your interest and is not 
assessed. 


We ask whether there must always be a pair of antipodal points (that is, 
points which lie at opposite ends of a line segment through the centre of 
the Earth) on the equator at which the temperature is the same. (The 
equator is shown in Figure 35.) The following result uses the Intermediate 
Value Theorem to show that the answer is ‘yes’. Here g(@) represents the 
temperature at a point on the equator at an angle 0 radians east of the 
Greenwich meridian. If g(c) = g(c +7), then c and c+ 7 represent 
antipodal points with the same temperature. Figure 35 The equator 


Theorem D57 Antipodal Points Theorem 


If g : [0,27] — R is a continuous function and g(0) = g(27), then 
there exists a number c in [0,7] such that 


g(c) =g(c+7). 


Proof The theorem is illustrated in Figure 36 below. 


DY 


| 

| 

| | 

| | 

7 
0 č c+Hr 2m 
Figure 36 The Antipodal Points Theorem 


First note that if g(0) = g(r), then we can take c = 0. So let us assume 
that 


g(0) < g(r). (10) 
(The proof in the case g(0) > g(r) is similar.) 
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Now we define 
h(0)=g(0 +7) (8€ (0,7), 


and consider the graphs y = g(@) and y = h(0), for 0 < 0 < m, shown in 
Figure 37. The graph y = h(0) is obtained by translating to the left the 
part of the graph y = g(@) corresponding to m < 0 < 2r. 


It y=h(0) 
h(0) = g(r)Y- “y = g(0) 
g(0) = h(7) | 

0 ; i 0 


Figure 37 ‘The graphs of g and h 


Since 
h(0) = g0+7)=g(r) and h(t) = g(r +7) = g(0), 
inequality (10) can be rewritten as 
g(0) < h(0) and g(m) > h(n). 
This suggests that our two graphs must cross at some point c in (0,7), 
giving 
g(c) =h(c) and hence g(c) =g(c+7). 
To make this argument rigorous, we define a function f as 
F) =g) —h(9) (0 € [0,7]), 
which is continuous on [0,7]. Also, 
f(0) = g(0) —h(0) <0 and f(r) = g(r) — A(x) > 0. 


Thus, by the Intermediate Value Theorem with k = 0, there exists a 
number c in (0,7) such that f(c) = 0, so g(c) = h(c) and hence 


g(c) = g(c + 7), 


as required. 


The Antipodal Points Theorem is the one-dimensional case of the 
Borsuk—Ulam theorem, an important result about continuous 
functions that holds in any number of dimensions. It is named after 
the Polish mathematicians Karol Borsuk (1905-1982) and Stanislaw 
Ulam (1909-1984) — Ulam was the first to formulate the theorem and 
in 1933 Borsuk was the first to prove it. The two-dimensional case of 
the theorem can be illustrated by saying that at any moment there is 
always pair of antipodal points on the Earth’s surface with equal 
temperatures and barometric pressures. 


4 Inverse functions 


In this section you will meet the Inverse Function Rule, which gives 
conditions for a continuous function f to have a continuous inverse 
function f~!. You will then see how the Inverse Function Rule can be used 
to show that the inverse functions of various standard functions exist and 
are continuous. Finally, you will see how to use the exponential function 
and its inverse function to define a”, for a > 0 and all x E€ R. 


4.1 Inverse Function Rule 


At the end of Section 1 we discussed the function 
f(x)=2°+a2-1 (eR). 


We showed that f is strictly increasing and hence one-to-one, but we could 
not prove that f(IR) = R, so we could not prove that the inverse function 
f-t has domain R. In this section you will see that f~! does indeed have 
domain R and, moreover, f~! is continuous on R. We now know that f is 
continuous (as it is a polynomial) and this means that we can apply a 
result known as the Inverse Function Rule. The proof of this result is 
based on the Intermediate Value Theorem and is given in Subsection 4.4. 
The graphs of the functions in the statement of the theorem are shown in 
Figures 38 and 39. 


Theorem D58 Inverse Function Rule 


Let f : I — J, where I is an interval and J is the image set f(I), be 
a function such that 


1. f is strictly increasing on I 
2. f is continuous on J. 


Then J is an interval and f has an inverse function f~! : J — I such 
that 


1’. f~t is strictly increasing on J 


2. fT! is continuous on J. 


Remarks 


1. The interval J can be any type of interval: open or closed, half-open, 
bounded or unbounded. 


2. There is another version of the Inverse Function Rule with ‘strictly 
increasing’ replaced by ‘strictly decreasing’. 


4 Inverse functions 


Figure 38 The graph of 
f:l—J 


Figure 39 The graph of 
foi:J—!I 
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If we return to the function 
f(@z)=2°+2-1 (reéR), 


then this satisfies the conditions of the Inverse Function Rule with J = R. 
So we can deduce that f has a continuous inverse function and that the 
domain of this inverse function is an interval J = f(T) = f(R), but we still 
need to determine what this interval is. 


In general, in order to identify the interval J which arises in the Inverse 
Function Rule, it is sufficient to determine the endpoints of J, which may 
be real numbers or one of the symbols oo and —oo. For example, (0, 1] has 
endpoints 0 and 1, and [1,co) has endpoints 1 and oo. (As earlier, do not 
let this use of the symbol co tempt you to think that oo is a real number.) 
We must also determine whether or not these endpoints belong to J. 
Figure 40 illustrates various cases that can occur. 


a J =[a, oo) 
Figure 40 Two examples of the intervals J and J in the Inverse Function Rule 


If a is an endpoint of J and a € J, then it follows from the fact that f is 
increasing that c = f(a) is the corresponding endpoint of J and c€ J. 


On the other hand, if a is an endpoint of J and a ¢ I (this includes the 
possibility that a may be co or —oo), then it is a little harder to find the 
corresponding endpoint c of J. We will show in Subsection 4.4 that, in this 
case, if (an) is a monotonic sequence in J and an > a, then f(an) > c. 
This leads to the following strategy for establishing that a function has a 
continuous inverse function with a specified domain. 


Strategy D15 

To prove that f : J —> J, where J is an interval with endpoints 

a and b, has a continuous inverse f~t : J — I, do the following. 

1. Show that f is strictly increasing on J. 

2. Show that f is continuous on J. 

3. Determine the endpoint c of J corresponding to the endpoint a of I 


as follows: 

e ifa € I, then c = f(a) and cE J 

e ifa ¢ I, then f(an)—> c and c ¢ J, where (an) is a monotonic 
sequence in J such that an > a. 


Determine the endpoint d of J, corresponding to the endpoint b 
of I, similarly. 


Note that there is a corresponding version of Strategy D15 if f is strictly 
decreasing. In the strictly increasing version the left endpoint of I 
corresponds to the left endpoint of J, whereas in the strictly decreasing 
version the left endpoint of J corresponds to the right endpoint of J. 


Before returning to our original example, we first apply this strategy in a 
more straightforward case, where the domain of the function is a closed 
bounded interval. 


Worked Exercise D53 


Prove that the function 
f(x) =04+224+3 (z€ (0,2) 


has a continuous inverse function, with domain [3, 23]. 


Solution 
We use Strategy D15. 


1. We showed that f is strictly increasing on [0, co) in 
Exercise D57(a). 


2. The function 

f@)\—2 223 (ae (0,2) 
is the restriction to [0,2] of a polynomial which is continuous on R. 
Hence f is continuous. 


®. We have shown that f satisfies the conditions of the Inverse 
Function Rule and so f has a continuous inverse function with domain 
J = f([0,2]). We now use step 3 of the strategy to determine J by 
finding its endpoints. In this case, both the endpoints of the domain 
of f are in the domain (since it is a closed interval) and so we can find 
the endpoints of J by finding the images of the endpoints of [0,2]. © 
3. Since f(0) = 3 and f(2) = 23, we have f((0, 2]) = [3, 23]. 
So, by the Inverse Function Rule, f has a continuous inverse function 
T: [3,23] — [0,2]. 


®. The domain of the function is important here and we could not 
define an inverse function if the domain was the whole of R. ©& 


We now return to our original example. 
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Worked Exercise D54 


Prove that the function 
f(z) =2°+2-1 (#€R) 


has a continuous inverse function, with domain R. 


Solution 

We use Strategy D15. 

1. We showed that f is strictly increasing in Worked Exercise D41. 
2. The function f is continuous as it is a polynomial. 


@®. We have shown that f has a continuous inverse function with 
domain f(R). We now apply step 3 of the strategy to find f(R). In 
this case the interval is unbounded and so we have to find one 
monotonic sequence tending to oo and another monotonic sequence 
tending to —oo and then investigate the behaviour of the images of 
these sequences as n —> œo. © 


3. We first choose the increasing sequence (n) which tends to oo, the 
right endpoint of R. Then 


fn) =n m — 1 = eo as m= co. 


Thus the right endpoint of f(R) is co. We now choose the decreasing 
sequence (—n) which tends to —oo, the left endpoint of R. Then 


fen) == =m = 1 co as 1 — > co. 
So the left endpoint of f(R) is —oo. Thus f(R) = R. 


It follows from the Inverse Function Rule that f has a continuous 
inverse function 


{7 R= 


The following exercise gives you the opportunity to practise using 
Strategy D15. 


Exercise D71 
Prove that the function 
1 
flz)=a?-— (z € (0,00) 


has a continuous inverse function with domain R. 


Hint: Use the solution to Exercise D57(b). 
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4.2 Inverses of standard functions 


We now use the Inverse Function Rule to define continuous inverse 
functions for various standard functions. You are already familiar with 
these inverse functions, but we can now prove that they exist and are 
continuous. For each function, we give brief remarks on the three steps of 
Strategy D15. We also revise some of the properties of these inverse 
functions. Here we often use the fact that the restriction of a continuous 
function is continuous, mentioned at the end of Subsection 2.2. 


nth root function 


We asserted the existence of the nth root function in Section 5 of Unit D1. 


We can now provide a proof of that result. The graph of f(x) = x” for 
x € [0,0o) is shown in Figure 41. 


nth root function 


For any positive integer n > 2, the function 
f(x) =x" (x € [0, c0)) 


has a strictly increasing continuous inverse function f~!(x) = 7/2, 
with domain [0, co) and image set [0,00), called the nth root 
function. 


We follow the steps of Strategy D15. 

1. f is strictly increasing on [0, 00). 

2. f is continuous on [0, 00). 

3. f(0) =0, and f(k) = k” > œ as k > ov, so 
f (10, 00)) = [0, 00). 


(We use k here, to avoid using n for two different purposes in the same 
expression. ) 


Hence f has a strictly increasing continuous inverse function 
co : [0, 00) —> [0, 00). 


The graph of f~! is shown in Figure 42. 


4 Inverse functions 


Figure 41 
f(x) =2" (xe [0,00)) 


YA 


Figure 42 The nth root 
function 
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yr Inverse trigonometric functions 


sin! 


The function 


T 1 
Ge) = ium a mE -32 
f(x) (ce [-3,5 
has a strictly increasing continuous inverse function, with domain 
[—1, 1] and image set [—7/2, 7/2], called sin}. 


Figure 43 
f(x) = sing (x € [-a/2,7/2]) 


The graph of f(x) = sin z for x € [—71/2, 7/2] is shown in Figure 43. 
We follow the steps of Strategy D15. 


1. The geometric definition of f(x) = sin x shows that f is strictly 
increasing on [—7/2, 7/2]. 


2. f is continuous on [—7/2, 7/2]. 


3. sin(—a/2) = —1 and sin (7/2) = 1, so 


(Eg) <b. 


Figure 44 ‘The inverse sine 


function Hence f has a strictly increasing continuous inverse function 
T T 
y fol:[-11] — |-=.2]. 
1 2 2 


The graph of f~! is shown in Figure 44. 


/ & The decreasing version of Strategy D15 can be applied similarly to prove 
that the cosine function has an inverse, if we restrict its domain suitably. 
The graph of f(x) = cosx for x € [0,7] is shown in Figure 45. 


—1 


Figure 45 


f(z) =cosx (xe [0,7]) F: 
cos 


The function 
fay) =cosz (z€ Ma 


has a strictly decreasing continuous inverse function, with domain 
[—1, 1] and image set [0,7], called cost. 


The graph of f~! is shown in Figure 46. The domain [0,7] of f is chosen, 
by convention, so that f is a restriction of the cosine function which is 
strictly decreasing and continuous. 


Figure 46 ‘The inverse cosine 
function 
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4 Inverse functions 


Similarly, to form an inverse of the tangent function, we restrict its domain YA 
to (—1/2, 7/2), since the tangent function is strictly increasing and 
continuous on this interval. The graph of the tangent function on this 
interval is shown in Figure 47. 


tan! 


The function 


J(e) =n (ze (-7 ~)) 


D2 
has a strictly increasing continuous inverse function, with domain R Figure 47 
and image set (—71/2,7/2), called tan™t. f(x) = tanz (x € (—2/2,7/2)) 


In this case, the image set f ((—7/2,7/2)) is R because if (an) is a 
monotonic sequence in (—7/2,7/2) and an > 7/2 as n > oo, then 


in Gp, 


s 
flan) = tanan = => oo as n —> oo. 


COS Gn, 


The graph of f~! is shown in Figure 48. 


Note that some texts use arcsin, arccos and arctan instead of sin™t, cos~ 
and tan~!, respectively. These names arise from the geometric definitions 
of the trigonometric functions. 


Exercise D72 
Figure 48 ‘The inverse 
(a) Determine the values of tangent function 
sin-1(1/V/2), cos~! (—3) and tan ~!(/3). 
(b) Prove that 


cos(2sin™! z) =1-—227, for x € [1,1]. 


Hint: Let y = sin7! z and use a suitable trigonometric identity from 


the module Handbook. 
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YA 


RY 


Figure 49 The exponential 
function 


y = log x 


Sy 


Figure 50 The log function 
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Inverse function of the exponential function 


We now discuss one of the most important inverse functions: the inverse of 
the exponential function. The graph of the exponential function is shown 
in Figure 49. 


log 
The function 
f(z)=e" (reER) 


has a strictly increasing continuous inverse function f~t, with domain 
(0,00) and image set R, called log or In. 


We follow the steps of Strategy D15. 
1. f is strictly increasing on R, since 
ti <t => &-2%1>0 
= ei >] (since e” >1+2> 1, for z> 0) 
= eye" S1 
= oe. 
2. f is continuous on R. 
3. Since 
f(n) =e" > œ as n > oo, 
and 
f(—n) =e" = (1/e)” > 0 as n > o, 
the image set f(R) = (0, o0). 
Hence f has a strictly increasing continuous inverse function 
f-' : (0,œ) — R. 


The graph of f~! is shown in Figure 50. 


Exercise D73 


Prove that 
log(xy) = logx+logy, for x,y € (0,00). 
Hint: Let a = log x and b = log y. 


Inverse hyperbolic functions 


We end this subsection by considering the inverse hyperbolic functions. We 
first consider the sinh function which is shown in Figure 51. 


sinh + 
The function 


f(x) = sinh z = 4(e? — e~*) 


= (x € R) 


has a strictly increasing continuous inverse function f~t, with 
domain R and image set R, called sinh™?. 


We follow the steps of Strategy D15. 


1. f is strictly increasing on R, since both the functions 


and xe >-e” 


zr e” 
are strictly increasing on R. 
2. f is continuous on R, by the Combination Rules. 


3. Since 


the image set f(R) = R. 
Hence f has a strictly increasing continuous inverse function 
fi: ROR. 
The graph of f~! is shown in Figure 52. 


We next consider the cosh function for x € [0,00). The graph is shown in 
Figure 53. 


cosh—! 
The function 
J(e) =c = 5(e* +e *) (a2 € [0,c0)) 


has a strictly increasing continuous inverse function f~!, with domain 
[1, 00) and image set [0, 00), called cosh™+. 


4 Inverse functions 


YA 


y = f(x) 


Figure 51 
f(x) = sinhz (x € R) 


RY 


Figure 52 The inverse sinh 


function 

| Yt 

\ 

\ 

\ 

\ y = f(x) 
N 
‘T 
T 

Figure 53 
f(x) =coshaz (a € [0,co)) 


243 


Unit D4 Continuity 


Figure 54 ‘The inverse cosh 
function 


Figure 55 
f(x) =tanhe (x«€R) 


YA 


RY 


~y = tanh x 


Figure 56 The inverse tanh 
function 
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We again follow the steps of Strategy D15. 


1. f is strictly increasing on [0, 00), since cosh z = (1 + sinh? x)!/? and the 
function x —> sinh g is strictly increasing on [0, 00). 


2. f is continuous on [0,00), by the Combination Rules. 
3. Since f(0) = 1 and 
f(n) = $(e” +e”) 4 œ as n> o, 
the image set f([0,00)) = [1, 00). 
Hence f has a strictly increasing continuous inverse function 
f! : |,00) — 10,09). 
The graph of f~! is shown in Figure 54. 


Strategy D15 can be applied in a similar way to show that the function 
f(x) = tanh z is strictly increasing and continuous on R, with 
f(R) = (-1,1). The graph of this function is shown in Figure 55. 


tanh! 


The function 
sinh x 


fa) Sea = (x €R) 


cosh x 


has a strictly increasing continuous inverse function f~t, with domain 
(—1,1) and image set R, called tanh“. 


The graph of the inverse tanh function is shown in Figure 56. 


The inverse hyperbolic functions can all be expressed in terms of log, as we 
show for sinh~! in the following worked exercise. 


Worked Exercise D55 


Prove that 


sinh! z = log («+ @ +1), for x € R. 


Since e” > 0, we must choose the + sign. We obtain 


y = sinh“! z = log («+ a41). 


Exercise D74 


Prove that 


cosh”! z = log (z+ Vu? — 1) , for x € [1,00). 


4.3 Defining exponential functions 


In this subsection we consider how to properly define exponential 
functions, by which we mean functions whose rule is of the form f(x) = a 
for some a > 0. (As you have seen, when a = e we refer to the function as 
the exponential function.) 


x 


In the introduction to Book D we asked a question about the graph 
of y = 2”, shown in Figure 57. 


YA 


Could there be a 
jump when z = v2? 


Figure 57 The graph of y = 27 


In Unit D1 we defined the expression a” for a > 0 when zv is a rational 
number, but not when « is irrational. We now provide this missing 
definition, and also prove that the resulting function z —> a” is 
continuous. In particular, it follows that the graph of y = 2” cannot have 
any gaps. 

Recall, from Section 4 of Unit D3, that we define 


n 


CO 
ja DN i in 
e = lm (1+7) => @20 


n=0 


4 


Inverse functions 
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As we saw in Subsection 4.2, the function x > e” is strictly increasing 
and continuous, and has a strictly increasing continuous inverse function 


zt—>logx (x € (0,c)). 

You saw in Exercise D73 that the function log has the property that 
log(ab) = loga+logb, for a,b € (0,00). 

Thus, if a > 0 and n € N, then 
log(a”) = nloga, so a” =<? 24. 


With a little further manipulation, we can show that this equation for a” 
remains true if n is replaced by any rational number x. Thus it makes 
sense to define a”, for a > 0 and z irrational, by using this equation. 


Definition 
If a > 0, then 


a —e 9 (Ger), 


For example, 


QT — eT log 2. 


With this definition of a”, we can verify that the function z —> a” is 
continuous. This follows immediately from the continuity of the function 
x e” and the Composition Rule. Moreover, we can also deduce the 
usual Index Laws for a” from those for e”. We state these below without 
proof. 


Theorem D59 
(a) If a> 0, then the function 


pa sd ot (ren) 


is continuous. 
(b) Ifa,b > 0 and z,y € R, then 


Fo = aS a N Sa, 


In particular, it follows from Theorem D59(b) that manipulations such as 
V2 
(2°) = VER =v = (uy 


are justified. 
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Equation (11) gives an unexpected proof of the result that 
there exist irrational numbers a and b such that a? is rational. 


For if Jo is rational, then we can take a = b = V2, but if Jo is 
irrational, then (by equation (11)) we can take a = par and b = v2. In 


è ; 2. 
fact, it can be shown using more complicated arguments that Poh is 
irrational, but we do not prove this here. 


The number A” = V/2V? is the square root of the number known as 
the Gelfond-Schneider constant 2V?. 


In his address at the International Congress of Mathematicians in 
Paris in 1900, David Hilbert (1862-1943) gave his famous list of 
mathematical problems, the seventh of which asked for a proof that 
aÊ is an irrational transcendental number when a is algebraic and not 
equal to 0 or 1, and £ is irrational and algebraic. (A number is 
algebraic if it is the root of a non-zero polynomial equation with 
integer coefficients and transcendental if it is not.) He included as a 
particular example the number 272, In fact, Hilbert believed that 
proving the transcendence of 2V2 was such a hard problem that he 
said in a lecture in 1919 that he thought nobody present would live to 
see it proved. He turned out to be very wrong! In 1929, the Russian 
mathematician Aleksandr Gelfond (1906-1968) proved Hilbert’s 
Seventh Problem for the special case where ( is a quadratic irrational, 
which includes 2⁄2. And in 1934 Gelfond went further and obtained 
the general solution, as did the German mathematician Theodor 
Schneider (1911-1988) independently later the same year. 


Exercise D75 
Use the definition of a” to prove that each of the following functions is 
continuous. 


(a) f(x) =2% (a € (0,0o)), where a is any fixed real number 


(b) f(t) =2* (a € (0,00)) 


4 Inverse functions 


Theodor Schneider 
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Figure 58 ‘The graph of 
f:l—-J 


ay T 


Figure 59 The graph of 
fi:J—!I 
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4.4 Proof of the Inverse Function Rule 


In this subsection we prove the Inverse Function Rule and we also justify 
step 3 of Strategy D15 for finding the domain of the inverse function. The 
proofs use many of the techniques that you have met so far, but if you are 
short of time you may prefer to skim read them. The graphs of the 
function and its inverse in the statement of the Inverse Function Rule are 
shown in Figures 58 and 59. 


Theorem D58 Inverse Function Rule 


Let f : I — J, where J is an interval and J is the image set f(J), be 
a function such that 


1. f is strictly increasing on I 
2. f is continuous on T. 


Then J is an interval and f has an inverse function f~t: J — J, 
such that 


1’. f7} is strictly increasing on J 


2’. f-' is continuous on J. 


Proof First we prove that J = f(T) is an interval. Suppose that 
yi, y2 E f(T) with yi < y2 and that y is any number in the interval (y1, y2). 
To show that J is an interval, we must prove that y € f(T). 


Now yı = f(21) and y2 = f(x2) for some 21, x2 € I, with zı < x2 because 
f is strictly increasing. Thus, since f is continuous, it follows from the 
Intermediate Value Theorem that there is a number x € (21, £2) such that 
f(x) =y. Hence y € f(I), as required. 


Next, the function f is strictly increasing and is therefore one-to-one. Thus 
ft: J — I exists, where J = f(T). 


To prove that f~! is strictly increasing on J, we have to show that 
yi<yo = f(y) < fuy), fory, yE J. 
®. We use proof by contraposition. © 
This implication holds because, for y1, y2 E€ J, we have 
fm) > f(y.) = Ff) = FF we) 
= yy 
Finally, we prove that f~! is continuous on J. Let y € J and assume, for 
simplicity, that y is not an endpoint of J. 


®. Only a slight modification to the argument is needed if y is an endpoint 
of J. # 


Then y = f(x) for some x € I, and we want to prove that 


Yr—>y => f'n) > fly) ==. 


Thus we assume that yn — y and we want to deduce that 
for each € > 0, there is an integer N such that 
a—e<f'yn)<aet+e, foralln>N. (12) 
By taking € small enough, we can assume that x — € € J and z +e€€ lI. 


Now since f is strictly increasing, we know that 
f(a—e) < f(x) < f(xte). 
Also, because yn > y = f(x), there is an integer N such that 
f(z- e)< yn < fl£+e), foralln>N. 
Thus, since f~! is a strictly increasing function, we obtain inequalities (12). 


This completes the proof of the Inverse Function Rule. g 


Finally, we justify step 3 of Strategy D15 for finding the endpoints of 
J = 71). 


Strategy D15, step 3 


Let f satisfy the assumptions of the Inverse Function Rule and let a 
be an endpoint of J. Determine the corresponding endpoint c of J as 
follows: 

e ifa € I, then c= f(a) and c E€ J 


e ifa ¢ I, then f(an) > c and c ¢ J, where (an) is a monotonic 
sequence in J such that an — a. 


Proof Suppose that a is the left endpoint of J; the argument for the 
right endpoint is similar. 


Ifa € I, then c = f(a) € J and (since f is an increasing function) 


f(x) > fla)=c, for aed. 


Figure 60 Step 3 of Strategy D15 when a € J 


Thus c is the corresponding left endpoint of J. This is illustrated in 
Figure 60. 
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If a ¢ I, then let (an) be any decreasing sequence in J such that 
Gn >a as n —> oo. (13) 
Then (f(an)) is also a decreasing sequence (because f is an increasing 


function). Thus, by the Monotonic Sequence Theorem (Theorem D23 in 
Section 5 of Unit D2), 


f(an) > c as n > oo, (14) 
where c is a real number or —oo. This is illustrated in Figure 61. 


We now prove that c is an endpoint of J and c ¢ J. 


Figure 61 Step 3 of Strategy D15 when a ¢ I 


First we show that (c, f(a1)) C J. Ife < y < f(a1), then (by 
statement (14)) there exists n such that f(an) < y < f(a), so y = f(x) for 
some x € (an, a1), by the Intermediate Value Theorem, and hence y € J. 


Finally, we show that c ¢ J, using proof by contradiction. If c € J, then 
c= f(x) for some x > a, so (by statement (13)) there exists n such that 

z£ > an, which implies that f(x) > f(a@n) and hence f(x) >c, a 
contradiction. E 


Summary 


In this unit you have seen how to give a precise definition of what it means 
for a function to be continuous and how to use this to check whether or 
not a function is continuous at a point. You have also seen how to show 
that functions are continuous by using basic continuous functions together 
with rules such as the Combination Rules, the Composition Rule, the 
Squeeze Rule and the Glue Rule. 


You have investigated some important properties of continuous functions 
and seen a number of applications of these properties. In particular, you 
have learnt how to use the Intermediate Value Theorem to locate zeros of 
continuous functions. Finally, you have seen how the Inverse Function 
Rule can be used to show that many functions have continuous inverse 
functions and to identify the domains of these inverse functions. 


Continuity is one of the most important properties of functions and is used 
throughout analysis. You will meet it again when you study Book F 
Analysis 2. 


Learning outcomes 


Learning outcomes 


After working through this unit, you should be able to: 


determine the domain and rule of the sum, product, quotient and 
composite of two real functions 


determine whether a given real function has an inverse function 
explain the meaning of the phrase ‘f is continuous at a’ 


use the Combination Rules, the Composition Rule, the Squeeze Rule 
and the Glue Rule for continuous functions 


recognise certain basic continuous functions 


state the Intermediate Value Theorem and use it to prove that certain 
equations have solutions 


determine an interval which contains all the zeros of a given polynomial 
state the Extreme Value Theorem and the Boundedness Theorem 


use the Inverse Function Rule to establish that a given function 
f : I — J has a continuous inverse function f~! : J — I 


define the inverse functions of certain standard functions 


define a” for a > 0 and any z E R. 
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Solutions to exercises 


Solution to Exercise D54 

The domain of f + g is (—7/2,7/2); the rule is 
(f +9)(x) = f(x) + g(x) =e” + tanz. 

The domain of fg is (—7/2,7/2); the rule is 
(f9)(2) = f(x)g(x) = e” tan z. 


The domain of f/g is (—7/2,0) U (0, 7/2); the rule 
is 


G/ne= faga) =e / tang =e" otr: 


Solution to Exercise D55 


The domain of f o g is 
{x €R:sinz > 0} 
=---U[—2a, =r] U [0, a] U [27,37] U--- ; 
the rule is 
(F o g)(«) = Vinz. 
The domain of go f is 
{x € [0, 00) : væ € R} = [0, 00); 
the rule is 


(go f)(£) = sin vz. 


Solution to Exercise D56 


First we solve the equation 


_&£+3 
ipa 
to obtain x in terms of y. We find that 
r+3 5 5 
= =i < r=24+——. 
Y x-2 Tre? 7 E 


Thus f is one-to-one, so f has an inverse function 
with rule f-!(y) = 2+ 5/(y — 1). 


Now we find the image set of f, which is the 
domain of f~!. For each x € (2,00), we have 
5/(a — 2) > 0, so y > 1. Hence f((2,00)) C (1, 00). 


Also, for each y € (1,00), we have y — 1 > 0, so 


5 
x = 2+ — € (2,00). 
y—1 
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Thus f((2,00)) D (1,00), so 
f((2,00)) = (1, 00). 


Hence the domain of f~! is (1,00) so, adopting the 
usual practice of denoting the domain variable by 
x, we have 


f(x) =—24+ > (x€ (1,60)), 


which may also be written as 


Fae) = 


£ — 


(x € (1,00)). 


Solution to Exercise D57 


(a) If 0 < zı < z2, then 2x; < 2x2 and z$ < D: 
Hence 


ty + 2r1 +3 < x3 + 2x2 +3, 
so f is strictly increasing, and thus one-to-one. 


(b) If 0 < a1 < x, then 1/z1 > 1/x2 and r? < ae, 


so =z? > —x3. Hence 
1 1 
oe 
Tı T2 


so f is strictly decreasing, and thus one-to-one. 


Solution to Exercise D58 

(a) im 3£n = 6, by the Multiple Rule for 
sequences. 

(b) Jim a” = 4, by the Product Rule for 
sequences. 

(c) im 1/£n = 1/2, by the Quotient Rule for 


sequences. 


Solution to Exercise D59 


(a) We guess that f is continuous at a = 2. The 
domain of f is R. If (xn) is a sequence in R with 
In — 2, then 


f(an) = 23 — 227 +8-8=0= f(2), 
by the Combination Rules for sequences. 


Hence f is continuous at a = 2. 


(b) We guess that f(x) = |x] is discontinuous at 
a = 1, since 


fiæ)=0, foro s<r< 1, 
and f(1) = 1. We choose 
1 
mli nh 
n 


Then £n > 1 but f(zn) = 0 for n = 1,2,..., so 
f(@n) >0#1= f(1). 


Hence f is discontinuous at a = 1. 


Solution to Exercise D60 


(a) Let a € R and let (£n) be a sequence in R 
with £n > a. Then 


fln) =1>1= f(a). 
Hence f is continuous. 


(b) Let a € R and let (£n) be a sequence in R 
with zn > a. Then 


f(@n) = tn 4 a= f(a). 


Hence f is continuous. 


Solution to Exercise D61 
We guess that f is continuous on [0, 00). 


If we let g(x) = x° and h(x) = |x|, so that 
hate) = ae we can express f as a composite 
function f = hog. But g is continuous (on R), 
since it is a polynomial, and h is continuous on R 
by Worked Exercise D45. It then follows from the 
Composition Rule that f = h o g is continuous 

on R. 


Solution to Exercise D62 


The function x ++ x? + 2z + 2 is a polynomial, 
and so is continuous on R. The function x > yx 
is continuous on [0, 00) (as we saw in Worked 
Exercise D46) and z? + 22 +2 = (x +1) +1>0 
for all x € R; so, by the Composition Rule for 
continuous functions, the function 

x£ > Vx? + 2x + 2 is continuous on R. 


—32 
Next, the function x —> ——— is a rational 
x? +4 


function; hence it is continuous on its domain, 
which is R since z+ +44 0. 


Solutions to exercises 


Then, by the Sum Rule for continuous functions, 
the function 

3x 
rt +4 


reo Vr? +2r +2 


is continuous on R. 


Solution to Exercise D63 
(a) We prove that 

TE e cos(1/x?), «40, 

0, xz=0, 

is continuous at 0, using the Squeeze Rule. 
Since 

—1 <cos(1/z”) <1, for x 0, 
and x? > 0, we have 

—a? < r?° cos(1/x”) <2, for x 40. 
Since f(0) = 0, we deduce that 

= < fia) < x’, forxeR. 
Thus if we take J = R, with 


g(x) =—a? and h(x) =2?, 


g(x) < f(x) < h(z), 
so condition 1 of the Squeeze Rule holds. 


Next, f(0) = g(0) = h(0) 
Squeeze Rule is satisfied. 


fora € T, 


0, so condition 2 of the 


Finally, the functions g and h are polynomials, and 
so they are continuous at 0. Thus condition 3 of 
the Squeeze Rule is satisfied. 


Hence f is continuous at 0, by the Squeeze Rule. 
(b) We prove that 
sin(1/x), if x 0, 
f(z) = 
0, if =0, 
is discontinuous at 0. 


According to Strategy D14, we have to find one 
sequence (£n) such that 


In—>0 but f(n)» f(0) =0. 
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We use the fact that sin (2n + 5) a = 1, for is continuous, by the Combination Rules. 
n =0,1,2,..., and choose 
1 Solution to Exercise D66 
En =7——z—, n=0,1,2,.... 
(2n+3)r Let g(x) = —x”, h(x) = e” and k(x) = 2° — 52”. 
Then x, — 0 and Then g and k are both continuous as they are 


an polynomials, and h(x) is continuous by 
F(tn) = sea Tn) i Theorem D50. Hence, by the Composition Rule 
= sin (2n + 5) am=1, forn=0,1,2,..., and the Multiple Rule, 
so 2 


f(@n) > f(0) =0 7h(g(x)) = 7e* 


Hence f is discontinuous at 0. 


is continuous. Finally, 
f(x) = k(x) + Th(g(a)) 
Solution to Exercise D64 is continuous by the Sum Rule. 
We use the Glue Rule. 


Let J = R and define the functions Solution to Exercise D67 


22 + 1 We know that c lies in (5 1) so we calculate 
3 Qr+)> 
g)=a2°—32+5 and A(z) = : 
g(x) (x) 3 z 


3 3)5 , 3 
2) = (3) + 2-12 -0.0127 < 0. 
[Then f is defined on J and 1 € J. Also, f (3) (a) i 


Thus c lies in (3,1), so we calculate 
f(E)= g(a), for z € (=00,1), gk 


and O= (Tm. 


f(z) =h(x), forz € (1,00), Thus c lies in (3, z), so we calculate 
so condition 1 of the Glue Rule holds with a = 1. f (8) = (48)° + # — 1 ~ 0.167 > 0. 
Moreover, f(1) = g(1) = h(1) = 3, so condition 2 Thus c lies in (3, B), an interval of length b 
holds. 
Finally, g and h are continuous functions, being a Solution to Exercise D68 


polynomial and a rational function respectively, If f(0) = 0 or f(1) = 1, then we can take c = 0 or 


and so they are both continuous at 1 since the only ¢= 1, respectively. 


zero of the denominator of h is 2. Thus condition 3 


ae . l 
holds.: Otherwise, we have f(0) > 0 and f(1) < 1, since 


0< 72) <1, for 0 <2 < 1. 
Hence f is continuous at 1, by the Glue Rule. 


We consider the function 
Solution to Exercise D65 g(x) = f(x)-—2 (xe (0,1) 


Let g(x) = sinx, h(x) = 4/2, and k(x) = x? +1. and show that g has a zero c in (0,1). 
Then g is continuous (by Theorem D47), h is 
continuous (by Worked Exercise D46), and k is 
continuous (being a polynomial); so 


0) = f(0)-0>0 
g(h(k(2))) = sin (x? +1) g(0) = f(0)- 0 > 


and 


Now g is continuous on [0,1], by the Combination 
Rules. Moreover, 


is continuous, by the Composition Rule (applied 
twice). Hence gQ) = f(1)-1 <0. 


f(x) = k(a) + 3g(h(k(x))) 
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Thus, by the Intermediate Value Theorem, there is 
a number c in (0,1) such that 


gc)=0, so f(ce)=c. 


Solution to Exercise D69 
We have 
p(—1) = -3, p(0) = 1, p(1) = —1, p(2) = 3, 
so 
p(—1) < 0 < p(0), 
p(0) > 0 > p(1), 
p(1) < 0 < p(2). 
Since p is continuous, we deduce by the 


Intermediate Value Theorem that p has a zero in 
each of the intervals 


(—1,0), (0,1), (1,2). 


Solution to Exercise D70 
When 
p(z) =2°+32t-2-1 (zeR), 
we have 
M = 1 + max{|3|,|-1|,|—1|} = 4, 
so all the zeros of p lie in (—4, 4), by Theorem D54. 


Calculating p(n) for integers n in [—4, 4], we obtain 


n 4 3 2 1 0-1 <2 
p(n) | -253 2 17 2 -1 2 7- 

Thus p changes sign on each of the intervals 
[-4,—3], [-1,0], [0,1]. 


Since p is continuous, we deduce by the 
Intermediate Value Theorem that p has a zero in 
each of the intervals 


(—4, —3), (—1,0), 


Thus p has at least three zeros. 


(0,1). 


Solution to Exercise D71 
We use Strategy D15. 


1. We showed that — f is strictly decreasing on 
(0,00) in Exercise D57(b), and so f is strictly 
increasing. 


Solutions to exercises 


2. The function 


fle) = 22-2 = 2) 


x 


(x € (0,co)) 


is the restriction to (0,00) of a rational function 
which is continuous on R — {0}. Hence f is 
continuous. 


3. Now choose the increasing sequence (n), which 
tends to oo, the right endpoint of (0,00). Then 


f(n) =n? -1/n > œ asn > oo, 


by the Reciprocal Rule. Thus the right endpoint of 
J = f((0,œ0)) is œœ. 


Then choose the decreasing sequence (1/n), which 
tends to 0, the left endpoint of (0,00). Then 


f(1/n) = 1/n? —n > -œ asn > oœ, 


by the Reciprocal Rule. Thus the left endpoint of 
J = f((0,00)) is —oo. 


Hence J = (—o0, 00) = R, so f has a continuous 
inverse function 


f-1:R — (0,00), 
by the Inverse Function Rule. 
Solution to Exercise D72 


(a) Since sin(7/4) = 1/2 and 7/4 lies in 
[—1/2, 7/2], we have 


sin 1(1/V2) = T 


Since cos(27/3) = —4 and 27/3 lies in [0,7], 


2T 

go ee eae 

cos (—5) 3° 
Since tan(7/3) = v3 and 7/3 lies in (—7/2, 7/2), 

tan '(/3) = 7 


(b) Following the hint, we put y = sin™t x. Then 
cos(2sin™t x) = cos(2y) = 1 — 2sin? y = 1 — 227, 


since x = sin y. 
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Unit D4 Continuity 


Solution to Exercise D73 Now the functions 
Following the hint, we put a = log x and b = logy. zt—logx (x € (0,00)), 
Then x = ef and y = e, so xzxzxz (xER), 


log(ay) = log(e%e’) tr+e* (eR), 


ores =a +b = logz + logy. are all continuous, so f is continuous by the 
Product Rule and the Composition Rule. 


= log(e 


Solution to Exercise D74 

Let y = cosh! z, where xz > 1. Then 
z =coshy = 4 (e” + e™”). 

Hence, by multiplying both sides by eY, 
e™ — 2re” +1 = (e¥)? — 2re” +1 =0. 


This is a quadratic equation in e”, with solutions 


et =xr+vyr?-l. 


Both choices of + give a positive expression on the 
right, but we also have e” > 1, since 
y= cosh! x > 0. 


Since 
(z+ V2? =1) (z- Va? -1) = 2? -(@?-1)=1 
and z + vz? -— 1 > 1, we have z — Vx?2-—1< 1. 


Thus we choose the + sign, to give 
y = cosh! z = log (z+ V x2 — 1) f 


(The value y = log (x — yr? — 1) gives the 
negative solution of the equation cosh y = z.) 


Solution to Exercise D75 
(a) For x > 0, we have 

f(z) =g% = e28. 
Now the functions 


xı >logx (x € (0,co)), 
gre” (xcER), 


are both continuous, so f is continuous by the 
Multiple Rule and the Composition Rule. 


(b) For x > 0, we have 


f(z) = r? = et OBT. 
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